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Abstract

Inferring causal relationships from observational data is often challenging due to endogene-
ity. This paper provides new identification results for causal effects of discrete, ordered
and continuous treatments using multiple binary instruments. The key contribution is the
identification of a new causal parameter that has a straightforward interpretation with a
positive weighting scheme and is applicable in many settings due to a mild monotonicity as-
sumption. This paper further leverages recent advances in causal machine learning for both
estimation and the detection of local violations of the underlying monotonicity assumption.
The methodology is applied to estimate the returns to education and assess the impact of

having an additional child on female labor market outcomes.
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1 Introduction

Identifying causal relationships is a central goal in economic research, but inferring causality from
observational data is often challenging, particularly due to endogeneity arising from selection
into treatment. Instrumental variable methods are widely used to address this issue.

Much of the existing literature focuses on identifying causal effects of binary treatments with
a single instrument. Yet many real-world applications involve discrete or continuous treatments
and multiple instruments can be available. For example, rather than estimating the effect of edu-
cation using binary indicators like college completion, one might have data on a discrete, ordered
treatment such as years of schooling. Moreover, multiple instruments might be available, such as
quarter of birth (Angrist & Imbens, |1995), distance to school, or local labor market conditions
(Carneiro, Heckman & Vytlacil, 2011)). When treatment effects are heterogeneous, combining
multiple instruments is advantageous. Each instrument generates distinct complier populations,
and combining them expands the overall complier population considered, potentially bringing
the local effect closer to the average treatment effect (ATE).

Two-stage least squares (T'SLS) has become the standard estimation approach, but it faces
two key limitations when applied to cases involving treatments with variable intensity and
multiple instruments. First, the TSLS estimand is complex: |Angrist and Imbens (1995) show
that it represents a weighted average of average causal responses (ACRs), where each ACR
reflects the effect of a one-level treatment change for specific subpopulations. In essence, the
TSLS estimand consists of weighted averages of weighted averages, complicating interpretation
of the effect estimates. Second, TSLS relies on a restrictive monotonicity assumption, already
in the case of binary treatments. Mogstad, Torgovitsky, and Walters| (2021) show that while
relaxing this assumption preserves the TSLS interpretation as a weighted average, it introduces
the possibility of negative weights, further complicating the effect interpretation. This issue
parallels concerns raised with two-way fixed effects estimators (Borusyak & Jaravel, |2018; De
Chaisemartin & d’Haultfoeuille, |2020; (Goodman-Bacon, 2021)), where more complex settings
with relaxed assumptions result in estimands that are harder to interpret.

The main contribution of this paper is the identification of a novel causal parameter for
discrete, ordered and continuous treatments with multiple instruments. This parameter features
an intuitive, positive weighting scheme and is derived under a mild monotonicity assumption.
Specifically, this paper introduces the combined compliers average causal response (CC-ACR),
identified under the limited monotonicity (LiM) assumption. The CC-ACR parameter is easy
to interpret, with weights that reflect the proportion of combined compliers, a sizable complier
group within the population. It addresses the question, “What is the average causal effect of a

one-level increase in treatment for combined compliers?”, making it easier to interpret than the



TSLS estimand, while imposing a less restrictive form of monotonicity.

When treatment effects are heterogeneous, the monotonicity assumption is critical for en-
suring a causally interpretable effect. In general, the monotonicity assumption restricts the
direction in which the potential treatment status changes for given changes in instrument val-
ues, effectively ruling out certain response types and imposing restrictions on choice mechanisms.
The CC-ACR is identified under the LiM assumption, which was originally introduced for binary
treatments by [van 't Hoff, Lewbel, and Mellace, (2023]). It imposes fewer restrictions on choice
behavior than the Imbens and Angrist monotonicity (IAM) assumption (Angrist & Imbens,
1995)) or the partial monotonicity (PM) assumption introduced by [Mogstad, Torgovitsky, and
Walters| (2021). The latter was introduced in the context of binary treatments to relax the IAM
assumption.

This study extends the concepts of PM and LiM to the framework of discrete, ordered or
continuous treatments. Interestingly, in this context, PM shares similar limitations as TAM,
which were highlighted by Mogstad, Torgovitsky, and Walters (2021)) in the binary context. I
show that LiM, the monotonicity assumption underlying my main identification result, not only
avoids these limitations but also reduces the multiple instrument problem to a single instrument
framework. In addition, it allows for the grouping of complier types, simplifying interpretation.

An additional contribution of this study is a general TSLS identification result that flexibly
incorporates the various monotonicity assumptions, illustrating how each assumption influences
the TSLS estimand. The challenge with TSLS lies in navigating a landscape of suboptimal
options. While IAM guarantees positive weights, it is restrictive with respect to choice behavior.
In contrast, PM offers greater flexibility by relaxing these restrictions to some extent, but at
the risk of introducing negative weights. In both cases, the TSLS estimator converges to a
weighted average of weighted averages of ACRs, and this weighting scheme can complicate the
interpretation of TSLS estimates.

Another key contribution of this paper is a stochastic dominance test for detecting violations
of the LiM assumption. LiM implies positive weights for the CC-ACR parameter, which is
equivalent to the condition that the cumulative distribution functions (CDFs) of the treatment,
conditional on specific instrument values, do not intersect. This necessary (but not sufficient)
condition can be tested empirically. Since violations of LiM in specific subgroups may average
out in the full sample, a global test might fail to detect them. Building on [Farbmacher, Guber,
and Klaassen (2022), I show how causal forests can be used to detect such local violations by
checking the sign of conditional average treatment effects within regression tree leaves, where a
positive sign indicates a violation. An advantage of this method is that it enables data-driven
subgroup formation in the covariate space.

To demonstrate the proposed methods, I revisit two seminal applications. The first examines



the returns to education as studied by |Card| (1995). Rather than focusing on the binary variable
of college attendance, I focus on education measured as a discrete variable, defined by the number
of years of schooling. To address potential unobserved confounding factors, such as ability, which
may influence both education and wages, I follow |Card| (1995) and use the presence of 2-year
and 4-year colleges as instruments. The combined compliers in this context are individuals
whose education level increases due to living near a 2-year or 4-year college or both. The
CC-ACR parameter then captures the average causal effect of an additional year of schooling
for these individuals, providing a clear interpretation that cannot be obtained through TSLS.
Moreover, LiM, the monotonicity assumption required for identifying the CC-ACR, is generally
more plausible than the monotonicity assumptions required for reasonable T'SLS estimates. LiM
accommodates individuals who prefer 2-year colleges as well as those who prefer 4-year colleges,
while other assumptions do not. From a policy standpoint, understanding the impact of an
additional year of schooling, rather than merely focusing on college completion, offers valuable
insights for various analyses. This broader perspective can inform a range of policy decisions,
including whether to extend or shorten the duration of college attendance.

Following (Card| (1995), I assume the instruments are exogenous, conditional on covariates
such as individual and regional characteristics. I establish an identification result for the CC-
ACR under conditional instrument validity, using similar arguments as [Frolichl (2007)). A minor
contribution of this paper is the extension of recent advances in causal machine learning, specif-
ically double/debiased machine learning (DML) (Chernozhukov, Chetverikov, Demirer, Duflo,
Hansen, Newey & Robins, |2018]), from the binary treatment and single instrument setting to
one with a discrete, ordered or continuous treatment and multiple binary instruments. This
estimation approach has the advantage of accommodating a larger number of covariates and
their interactions compared to other nonparametric estimators, which is crucial to maintain the
interpretation of the CC-ACR. However, estimation is conducted on a subset of the sample,
which is the cost of obtaining both a more interpretable effect estimate and a more credible
monotonicity assumption.

Card| (1995) primarily focuses on the 4-year college instrument, given the weakness of the 2-
year college instrument. However, an advantage of the proposed methodology is that information
from the weaker instrument can still be included, as weak instruments do not necessarily pose a
problem when paired with a strong instrument. The results indicate that individuals attending
2-year colleges may especially benefit from additional schooling.

The second application explores the impact of an additional child on female labor market
outcomes, measured as annual labor income, weekly hours worked, and weeks worked per year,
following the study by [Angrist and Evans (1998]). Next to the classical same-sex instrument,

I use a twinning instrument that accounts for twins at any birth. In this application, LiM



is more plausible than other forms of monotonicity, as it accommodates individuals who prefer
same-sex as well as those who prefer mixed-sex siblings. A key advantage of the CC-ACR is that
it provides insights into the average effect of having an additional child, rather than focusing
solely on the effect of a third child. I find relatively small effects of an additional child on female
labor market outcomes, likely due to the underlying complier population. Women with more
children may have different labor preferences, which may explain the modest impact.

The remainder of this paper is organized as follows: Section [2|reviews the relevant literature.
Section [3loutlines the framework, assumptions, and the CC-ACR and TSLS identification results.
Section {4 details the procedure for detecting violations of the LiM assumption, while Section
provides guidelines for estimation. Section [6] presents the empirical findings from the two
seminal studies (Card, [1995; Angrist & Evans, [1998). Finally, Section (7| offers a discussion and
suggests avenues for future research. Additional results, including simulation studies for the
proposed LiM test, are provided in the appendix. The code used in this study will be made
publicly available on GitHub.

2 Literature review

This paper contributes to the instrumental variables literature in two key areas. First, it en-
hances our understanding of which causal parameters can be identified using instrumental vari-
ables. The foundation of the local average treatment effect (LATE) framework was established
by Imbens and Angrist| (1994) and |Angrist, Imbens, and Rubin| (1996). For treatments with
variable intensity, |Angrist and Imbens (1995) show that TSLS combines the instrument-specific
weighted averages into a new weighted average. However, most literature focuses on the case of
a binary treatment. In the setting with a binary treatment and multiple instruments, Mogstad,
Torgovitsky, and Walters| (2021) provide an identification result for TSLS under their Partial
Monotonicity (PM) assumption, and van 't Hoff, Lewbel, and Mellace| (2023) show that the
LATE for the combined compliers is identified under their Limited Monotonicity (LiM) assump-
tion. |Goff] (2024)) introduces Vector Monotonicity (VM), a special form of PM, which assumes
that treatment uptake is monotonic with respect to each individual instrument, rather than re-
quiring a uniform direction of response across all instruments. He further characterizes the class
of causal parameters that are point-identified under this monotonicity assumption and provides
a practical two-step estimator. [Frolich (2007) extends the LATE framework to include covariates
nonparametrically. My findings complement those of [Frolich| (2007) who separately considers a
discrete, ordered treatment with a single instrument, or a binary treatment with multiple in-
struments, while my results consider the setting with discrete, ordered treatments and multiple

instruments. My paper exhibits some connection to the work of |Lee and Salanié (2018), who



study discrete treatments and the point-identification of marginal treatment effects (MTE) in a

framework that requires continuous instruments. Equally within the MTE framework,

Urzua, and Vytlacil (2006) consider an ordered choice model, identifying a parameter for the

difference in potential outcomes between two subsequent treatment levels. Unlike the approach

in the present paper, their approach requires an instrument for all incremental changes in the

treatment level. Bhuller and Sigstad| (2022) extend [Frandsen, Lefgren, and Leslie’s (2023) results

for a binary treatment to a setting with multivalued treatments. They also require an instrument
for every treatment level and assume no cross-effects, which is a rather restrictive assumption.
Moreover, their result separately compares causal effects on specific treatment margins and does
not offer an interpretation as an average effect for a one-level increase. For readers interested in a

deeper exploration of instrumental variables methods that account for unobserved heterogeneity

in treatment effects, I recommend the comprehensive review by |[Mogstad and Torgovitsky| (2024).

Second, this paper contributes to the literature on specification tests of instrument validity.
Research in this area has mainly been limited to joint tests on the exclusion restriction and

monotonicity for a binary treatment. The first testable implications based on the exclusion and

monotonicity assumptions can be traced back to Balke and Pearl (1997), |Angrist and Imbens|

(1995), and |[Heckman, Urzua, and Vytlacil (2006). |Angrist and Imbens| (1995) show that, in case

of treatments with variable intensity and a single instrument, testable implications of IAM can
be established. The testable implications in the present study consider the setting with multiple

instruments and the LiM assumption. There is a big strand of literature that derives results

related to testable implications for joint tests in case of a binary treatment (Kitagawa, 2021}

Balke & Pearll, [1997; Kitagawal, [2015; [Mourifié & Wanl, 2017; [Huber & Mellacel, [2015; [Frandsen,|
Lefgren & Leslie), 2023} |Carr & Kitagawal, 2021)). Farbmacher, Guber, and Klaassen| (2022) build

on this literature, but employs causal forests to detect local violations of the joint assumptions,
subgrouping the covariates in a data-driven way. The present paper complements this paper,
as it provides a test using causal forests for LiM when the treatment is discrete and ordered.
While the aforementioned literature focuses on a binary treatment, there has been some recent
progress in extending the testable implications to non-binary treatment settings. For instance,
establishes testable implications for the exclusion and TAM assumptions for ordered

and unordered nonbinary treatments.



3 Identification results

3.1 Framework and assumptions

Consider the Angrist and Imbens| (1995) setup with an outcome Y, a treatment D that is discrete
with bounded support, D € {0, 1, ..., J}, such that there are J + 1 possible treatment levels, and
K binary instruments, Z;, Zs, ..., and Zx. Adhering to the Rubin causal model (as detailed in

Rubin, 1974, and |[Robins, 1986), the potential treatment states for some unit ¢ are denoted as

DZIZ2-~~ZK 2129... 2K
i .

, while potential outcomes are represented by YZ]

Assumption 1: Random assignment and exclusion

Zp I (D#722K VI  Vzzo..zie € {0,1M ke {1,2,...,K},j € {0,1,..., J}.

Assumption 2: Stable unit treatment value assumption (SUTVA)
Y7##22K — yiand Y =YY if D = j, and

(2

D = D*#2-% if Zl = Z1, ZQ = 29, ey and ZK = ZK.

Assumption 3: Instrument relevance

0<P(Z1-Zy - Zx=1)<1,and 0 < P(1—=Z1)- (1= Z3) - ... - (1 — Zg) =1) < 1, and

Assumption 4: Limited monotonicity (LiM)
P(Dl...l...l > DO...O...O) =1 or P(Dl...l...l < DO...O...O) = 1.

The validity of the instruments relies on the independence assumption and exclusion restric-
tion, both outlined in Assumption 1. In|Cards (1995) application, the independence assumption
posits that the presence of a college does not influence an individual’s wage other than through
the change in years of schooling attained. SUTVA (Assumption 2) ensures that the treatment
level of one unit remains unaffected by the treatment level of any other unit, and that instruments
assigned to a specific unit solely impact the treatment level for that particular unit. SUTVA
guarantees the existence of a singular potential outcome for each treatment value. Assumption 3
requires the instruments to be relevant, which is important for estimation and for the existence
of a complier population. This means that at least one instrument affects some level of the
treatment to ensure the existence of compliers. For instance, this implies that the proximity to
a college influences educational attainment for some individuals.

The limited monotonicity (LiM) assumption was initially introduced by |van 't Hoff, Lewbel,
and Mellace (2023|) for the setting with a binary treatment. Assumption 4 extends LiM to
settings where treatment intensity varies. It states that when exposed to all (none) of the

instruments, units are at least as likely to take up treatment as when exposed to none (all) of the



instruments simultaneously. This introduces restrictions on choice behavior at the outer support

is assumed throughout the rest of the paper. In |Card/s (1995)) study, this implies that an
individual’s educational attainment while residing close to both a 2-year college and a 4-year
college is at least as large as the number of months when residing far from both a 2-year college
and a 4-year college.

LiM is generally weaker than other monotonicity assumptions introduced in literature, such
as the Imbens and Angrist monotonicity (IAM) assumption (Imbens & Angrist| [1994) and the
partial monotonicity (PM) assumption (Mogstad, Torgovitsky & Walters, 2021). Although
Vector Monotonicity (VM) as introduced by |Goff] (2024) is not further discussed here, as it is a
special case of PM, it is important to note that it is the most empirically relevant case of PM.

TAM evaluates potential treatment states for all instrument values, basically requiring indi-
viduals to prefer one instrument over another. On the other hand, PM restricts the direction
of the potential treatment status for a change in one of the instruments while keeping all other
instrument values fixed. While PM has been primarily been introduced for the setting with a

binary treatment, this paper extends it seamlessly to the nonbinary treatment scenario.

Imbens and Angrist monotonocity (IAM)
P(D'L]k > Dp...q...r) =1 or P(Dzjk < Dp...q...r) -1
vie{0,1},...,5€{0,1},...,k € {0,1} and Vp € {0,1},...,¢ € {0,1},...,7 € {0, 1}
such that P(D¥J-F) £ p(DP-a-7),

Partial monotonicity (PM)

P(D’L]l > Dz]O) —1or P(D'le < D’L]O) =1
Vie{0,1},...,5 €{0,1},....,k € {0,1}.

The restrictions on the choice mechanisms imposed by LiM are reflected in the response types
of the population. In case of a binary instrument and binary treatment, Imbens and Angrist
(1994) introduce the notions of always-takers, compliers, defiers, and never-takers. Here, LiM
rules out the defiers. Now consider the scenario with a three-valued treatment, D € {0, 1,2},
and one binary instrument, Z € {0,1}. There are (J + 1)2K = 32" = 9 initial response types.
Adapting|Frolich’s (2007) notation, the non-responders, whose treatment level does not change in
response to a change in the instrument (D! = D), are denoted by n pr,po- The compliers are the
types denoted by cp1 po for whom D' > DY while for defiers, dp1 po, it holds that D' < DY.
Compliers are individuals for which P(D! > D%) = 1, while defiers have P(D° > D') = 1.

Monotonicity rules out three defier types (see Table [1)).



Table 1: Initial response types with one binary instrument, Z € {0,1}, and a three-valued
treatment, D € {0,1,2}. v'indicates the response types allowed for under the different forms of

the monotonicity assumption.

Type | D° D' | LiM PM IAM
i1 | 0 1| v v V
a: |1 2| v v
02 | 0 2| v Vv V
neo | 2 2| v oV Y
ngg | 11| v vV
noo | 0 0| v v V
dio | 1 0
dy | 2 1
do | 2 0

The number of initial response types increases rapidly with the number of treatment levels.
For discrete, ordered and continuous treatments, compliance intensity can vary. This means that,
for a certain change in the instrument values, some response types might shift their treatment
status by one level, while others might shift their treatment status by two levels. In addition,
these types can have distinct baseline treatment levels, Y;?, adding to the complexity of types.

Next consider the scenario involving a three-valued treatment, D € {0, 1,2}, while intro-
ducing two binary instruments, Z; € {0,1} and Zy € {0,1}. This amplifies the number of
potential response types to (J + 1)2K = 32° = 81. Refer to Appendix Table for a
comprehensive listing of all initial response types. Under LiM, 54 response types remain, as
types that defy with respect to the outer instrument support are eliminated, specifically types
dpoo,pi11 where D% > D', Under PM with ordering P(D'* > D) =1, P(D%" > D) =1,
P(D% > DY) =0, P(D'° > D) = 0, a total of 20 response types remain. Under IAM, there
are only 14 response types that remainﬂ IAM only allows for pure compliers in the sense that
there are no two-way flows for any shift in the instrument values. Altogether, LiM allows for
more response types and hence for rich choice heterogeneity.

In addition to allowing for rich choice heterogeneity, LiM allows us to aggregate the response
types into groups, reducing the complex problem with many response types to a simpler one.
Since LiM only imposes a restriction on the outer support (Z; = Zo = 1 and Z; = Z3 = 0)

of Z = {(1,1),(1,0),(0,1),(0,0)}, the two intermediate treatment states, D'® and D!, are

'For a detailed comparison of the three monotonicity assumptions when the treatment is binary see van ’t Hoff,

Lewbel, and Mellace| (2023).



Table 2: This table presents the response types that are contained in the combined complier type

cco,1. v'indicates the response types allowed for under the different forms of the monotonicity

assumption.

Combined type Type | D pOt plo pliTiM PM IAM

cco 1 €0,2,2,1 0 2 2 1 v
co121 | O 1 2 1 v
c0021 | O 0 2 1 v
€0,2,1,1 0 2 1 1 v
coia1 | O 1 1 1 v v v
0,011 | O 0 1 1 v v v
€0,2,0,1 0 2 0 1 v
co101 | O 1 0 1 v v
0,001 | O 0 0 1 v v

Table 3: All possible initial combined response types with two instruments, Z; € {0,1} and
Zy € {0, 1}, and a three-valued treatment, D € {0,1,2}. v'indicates the response types allowed
for under LiM. Combined compliers are denoted by ccpoo pi1, combined non-responders by

cnpoo p11, and combined defiers by cdpoo p11.

Combined type | D% D! | LiM
cco,1 0 1 v
cc1 2 1 2 v
cCo,2 0 2 v
cn2 2 2 2 v
cni 1 1 1 v
€no,0 0 0 v
cda o 2 0

cda 2 1

cdip 1 0




not restricted. Therefore, aggregating the initial response types into response type groups is
straightforward. With two instruments, I define as combined compliers, denoted as ccpoo p11,
those types who increase the treatment level in response to changing both instrument values
from zero to one (D' > D%) combined defiers, denoted as cd poo p11, those types who have
D' < D% and as combined non-responders, denoted as cnpoo pit, those types who have
D' = D Tt is important to highlight that aggregating the groups in this way is not possible
under PM or TAM.

To illustrate this, consider the nine initial types in Table [2] extracted from Table [I0]in Ap-
pendix [A] These nine types can be aggregated into a single combined complier type, recognizing
that shifting the instrument values from (0,0) to (1, 1) increases the potential treatment status
from zero to one across all nine types. This combined complier type can be denoted as ccg 1. At
the intermediate instrument values, namely (1,0) and (0, 1), this aggregated type can respond
as complier or defier with respect to either instrument. In a similar fashion, the remaining
response types in Table can be aggregated into groups, effectively reducing the initial 81
types to the nine aggregated types showcased in Table [3] Similar results apply to settings where
the treatment attains more than three levels or where more than two binary instruments are
available. LiM naturally reduces a complex setting to a simple comparison between two different
potential treatment states, D11 and D% 99 independently of the number of instruments.
Notably, combined defier types with cd,p where b < a are ruled out by the LiM assumption,

but all other defier types are not.

3.2 The combined compliers ACR

Theorem 1 provides the main result, namely the CC-ACR, a novel causal parameter which has

a straightforward interpretation and is derived under the LiM assumption.

Theorem 1: The combined compliers average causal response (CC-ACR)
Let Assumptions JEL 2, 8, and 4 hold. Then a weighted average of average causal responses for

the combined complier subpopulations is identified:

CB(Y|Z =Zy=..=Zx=1)—E(Y|Z1 = Zy = ... = Zx = 0)
Pec-acr = ED|Zi=Zy=..=Zg =1)— E(D|Z1 = Zy = ... = Zg = 0)
(I—k)-PT=cay) <Yl_yk|T_cc > )
S men(h—m) - P(T = cepp) I—k TR

k<l

Proof in Appendix

2Assump‘cion 1 can be relaxed to hold only for the instrument Z, where Z = 1 if 1 =Fy=+--=Zrg=1and

Z=0ifZ1=Zy = =2k = 0, but the original form of Assumption 1 is equally plausible in most cases.

10



T denotes type and the set of response types, cc, consists of the combined complier types
denoted ccy; where [ > k. These are the complier types that increase their treatment level in
response to shifting all instruments from zero to one. Theorem 1 states that a weighted average
of causal responses, E(Y! — Y*), that are scaled by the change in treatment level, (I — k), over
these combined complier subpopulations is identified. It should be noted that this identification
result is robust to the presence of non-responders. It is further important to emphasize that the
weights of the CC-ACR are always positive by construction and sum up to one.

Theorem 1 takes into account that the treatment responses vary in intensity. Within the
context of the returns to education as considered by (Card (1995)), the CC-ACR provides a
weighted average of causal responses for individuals who extend their education when all instru-
ment values shift from zero to one. In this case, all instrument values equaling one indicates
that individuals reside close to both a 2-year and a 4-year college. To clarify Theorem 1, note
that F (Y14 —Y!2 | cc12,14) measures the average effect on an individual’s wage when obtaining
14 instead of 12 years of schooling, for those who adjust their education level accordingly in
response to this change in instrument values. This average effect is weighted by the probability
of belonging to this complier type, represented by P(T" = ccig,14), providing weights propor-
tional to the response type group size. Further, E(Y'* — Y2 | ccjg14) represents the effect of 2
additional years of schooling, reflected in scaling the difference in outcomes, Y4 — Y12, by the
treatment level difference, (I — k) = 2 years.

Theorem 1 simplifies if treatment effects are linear, meaning the impact of increasing school-
ing by one year is equivalent, whether it is from 12 to 13 years or from 15 to 16 years. In
this case, the CC-ACR can be interpreted as the average effect of a one-level increase among
the combined complier population: E(Y? —YJ~! | T € cc), without considering the treatment
margins involved. The following corollary demonstrates the interpretation of treatment effects

within this linear framework.

Corollary 1: Linearity of treatment effects
Let Assumptions 1, 2, 3, and 4 hold. Under linearity of the treatment effects, it holds for every

treatment level, j € 1, ..., J, that

5 _B(Y|Zi=Zy=..=Zk=1)~E(Y|Z1=Zy = ...= Z = 0)
COAR = EDIZy=Zy=...=Zxk=1)—ED|Z1 = Zo = ... = Zx = 0) o)
I—k)-P(T = -
= (I—k)-P(T=cory) L (Y = YT UT = cepy) -

2 = m) - P(T = comyp)

11



The following illustrative example clearly shows how Corollary 1 emerges from Theorem 1:

Y2 -y? yl-y? Y2 -yt
E <2_0’T = CCO}Q) =F <2’T = CCO’Q) + FE (2T = CCO)Q)

vi-vo 1 0 2 1
=2-F T|T:CGO’2 =EY —-Y'T=ccop) =EY" =Y '|T =ccpp).

This example illustrates that under linear treatment effects, the expected difference in the out-
come when changing the treatment status from zero to one is equivalent to the expected difference
when changing the treatment status from one to two for the combined compliers of type cc 2.
These are the response types that would change their treatment status from zero to two when

all instruments are changed from zero to one.

3.3 Identification of the CC-ACR including covariates

The result presented in the preceding section did not consider identification in the presence of
relevant covariates. However, numerous real-world applications exist where the instruments are
only valid after conditioning on covariates. Taking the returns to education application as an
example, one might worry about factors influencing an individual’s surroundings and their wage.
The presence of a college might correlate with various individual and county characteristics.
Thus, Assumption 1 must be adjusted so that the instruments are approximately randomly

assigned conditional on these characteristics.

Assumption 1C: Unconfoundedness and exclusion

ZpL(D#?2+2K Y| X Vi, 20,210,k € {1,2,..., K},7€{0,1, ..., J}.

In addition to Assumption 1C and Assumptions 2 to 4, common support is assumed to guar-
antee that there is overlap in the observed characteristics at the outer support of the instrument

distribution.

Assumption 5: Common support

PX =22y =2,Z0 = 29,... Zx = 2) >0 Vx € X,Vz129..2 € {0,1} .

Theorem 1 can easily be extended to hold conditional on covariates:

p X) = EY|X,Zy=Zs=..=Zx=1)—E(Y|X,Z1 = Zy = ... = Zg = 0)
CO-ACR EDDIX,Z\=Zo=...=Zx =1)— E(D|X,Z1 = Zy = ... = Zg = 0) .
— l k
= ( ) ( Cckl‘X) FE (Y Y ‘X T = cckyl> .
el Zm<h< m) - P(T = ccpp) [ -

Then, to obtain Scc.acr, integrating over the distribution function fy|combined comptier (Z) 18

required. This function is unknown, but following [Frolich| (2007) and using Bayes’ theorem, it
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is straightforward to show that f;|combined complier(Z) equals the estimable distribution function

fz, weighted with the corresponding increments of in the treatment level, (I — k):

I bined . (x) _ Zf ZkK<l P(T = CCk,z’X) . (l _ k)
e SESE P(T = cery) - (1 — k)

This allows for identification of the CC-ACR under Assumption 1C, as formalized in Corollary
2.

Corollary 2: The CC-ACR under unconfoundedness

Let Assumptions 1C and 2 to 5 hold. Then, the CC-ACR s given by

Boc-Acr
= /,8(1') ) fa;|c0mbined complier(m)dx
N f(E(D’X = x,Zl = ZQ = ...= ZK = 1) - E(D|X = .II,Zl = ZQ = ..= ZK = O)) : f$(.iv)d.7}

For brevity, define

~ 1 fZ1=Zy=...=Zk=1
Z:

0 fZ21=Zy=..=Zk=0

Considering only the subsample at the outer support of the instrument distribution with 7 as

the sole instrument, this expression reduces to

Boc-ACR =

[(E(Y|X ==z, % =1)-EBY|X =z, Z: =0)  falz)dz
[(E(D|X =2,Z=1)— E(D|X =2,Z =0)) - fu(z)da

3.4 The causal interpretation of two-stage least squares

In this section, I extend prior research by Mogstad, Torgovitsky, and Walters| (2021)), which
primarily delves into the causal interpretation of two-stage least squares (TSLS) with a focus
on a binary treatment and multiple, mutually-exclusive instruments under the PM assumption.
The goal is to generalize this result to the broader context of a discrete, ordered or continuous
treatment, without imposing monotonicity at first. The probability limit of TSLS is given by

Proposition 1.
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Proposition 1: The causal interpretation of TSLS

Let M denote the number of elements in the rectangular instrument support Z = {20, ..., 21, -, Zm |,
ordered such that I < m implies E(D|Z =1) < E(D|Z =m). Let I(-) denote the indicator func-
tion, which equals one if its argument is true and zero otherwise. Suppose that Assumptions 1,

2, and 8 are satisfied. Then,

M
BrsLs = Z P(T =1t) Z b1 - Wi - B(YP™ =YD T = ¢), (5)
tEIM m=1
where
o (= P(Z > 2m))P(Z > 2m) {E(D|Z > 2) — E(D|Z < 2n)}
" SMoP(Z = 2)E(D|Z = )(E(D|Z = z) — E(D))
and

tmgn—1 = [(D*™ > D*m=1) — [(D*™ < Dm-1),

where Iy is the set of response types that are allowed for under the specified monotonicity

assumption.

Proof in Appendix

Proposition 1 reveals that TSLS gives a weighted average of average causal responses (ACR),
E(YD o YDszl), corresponding to the response types, t, present in the population. The
weights determine the contribution of each local average causal response to the parameter Srsrs.
Similar to the CC-ACR, the weights consist of P(T = t), the probability of observing a certain
response type, and are non-negative and sum to one. However, the TSLS estimand contains
additional, rather arbitrary weighting terms. Consider, for instance, the weights w,,. These
weights are proportional to P(Z > zp,)(1 — P(Z > z4)), effectively giving more weight to
E(YP™ —yDP™™ T = t) when it lies in the center of the instrument distribution. It is hard
to come up with an empirical setting where this is a desirable feature of the TSLS weights.
Ordering the values of the instrument support Z = {zo, ..., 2, ..., Zm }, such that [ < m implies
E(D|Z =1) < E(D|Z = m), results in (E(D|Z > z,) — E(D|Z < zp)) being positive for
all z,,. Note that this implies that the constructed instrument should be monotonic with the
propensity score to ensure non-negative weights w,,. This expression shows that more weight is
given if comparatively more types respond to a change in the instrument values. Next to the
weight w,y,, the TSLS estimand contains the term ¢y, ,,,—1, which can attain three values: ¢y, m—1
equals 1 when D?#" > D?m-1_it equals -1 when D*™ < D?*m~1 and 0 when D*" = D*m~1_ In the
latter case, it holds that E(YP™ — YP™ T =t) = 0. t;,,m_1 guarantees the interpretation
of a weighted average of causal responses Y — Y for which a > b. Simply put, it switches

E(YP™ —yD™ ) 4o E(YP™ ' — YD) whenever D1 > D,
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Proposition 1 is derived without imposing any form of the monotonicity assumption. The
advantage is that it enables researchers to reflect upon the response types existing in the pop-
ulation, drawing on prior knowledge or subject expertise. Proposition 1, therefore, provides
flexibility in formulating monotonicity. Without imposing monotonicity, StsrLg contains nega-
tive weights because ¢y, ,,—1 is always less than or equal to 1 for some response types. This
results in a negative weight on the local ACRs for these types, reversing the sign of these
specific ACRs in the weighted average of ACRs. Imposing certain forms of monotonicity can
eliminate those types for which sign reversals in the average local effects occur. For instance,
IAM only allows for types which never have ¢y, ,,—1 = —1, thus guaranteeing positive weights.
However, IAM does have the drawback of ruling out numerous response types, thereby heavily
constraining choice heterogeneity. PM is often more reasonable to assume, given that it allows
for a broader range of response types. Under PM, response types are allowed to be present even
when ¢y, m—1 = —1 for some m, provided that they have ¢y, 1 = 1 for some other m'. That
is, PM ensures that the allowed response types also respond with an increase in the treatment
level for some change in instrument values such that the local causal responses in the expression
Z%:l bm—1 * W, - E(yP™ — y Dt |T" = t) for this type ¢ are not all negatively weighted. It
is alarming that, if the defier responses outweigh the complier responses, the ACR for this type
is negatively weighted.

In short, researchers face a choice between imposing the more restrictive IAM assumption,
which guarantees positive weights, or adopting PM with the risk of introducing sign-reversal
issues through the weights ¢y, m—1. In either scenario, the weights w,, remain arbitrary and
lack intuition. Moreover, PM might still be too restrictive in certain applications. Notably, the
CC-ACR parameter outlined in Theorem 1 bypasses these concerns: its weights are positive by
construction and it is identified under the generally weaker LiM assumption. Note that under

LiM, the TSLS estimand will always include some negative weights.

3.5 Alternative representation of the CC-ACR

Theorem 1 above introduced the CC-ACR, expressed as a weighted average of causal responses
for different response types. This representation is extremely valuable for understanding the
influence of the response types on the interpretation of this causal parameter. This section
offers an alternative representation of the CC-ACRH The representation presented here shifts
the focus to changes in the treatment status and is expressed in terms of an average of responses

along the causal response function. The causal response function is given by the sequence

3In a similar fashion, the TSLS estimand has an alternative representation, as shown in Appendix
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Y7 —YIi~! for every unitﬁ While the representation of the CC-ACR in this section is equivalent
in terms of its definition, it offers a different perspective on the interpretationﬂ Of particular
importance, the representation of the CC-ACR in this section introduces a weighting function
that offers two advantages over the weighting function of the CC-ACR of Theorem 1: First, the
weights can be estimated, and second, they also serve as a means for conducting validity tests

on the LiM assumption, as will be demonstrated later in Section

Proposition 2: Alternative representation of Theorem 1
Suppose that the same conditions hold as in Theorem 1. Then,
EY|Zi1=Zy=..=Zxk=1)—EY|Z1=Zy=..=Zg=0)
(D]le 9=..=Zg=1)—ED|Z1=Zy=..=Zg =0)
P(DY1+1 > j > po--0-0)
- Z Zz | P(DV11 > > D0-.0..0)

Boc-ACR =

(6)
_E(Yj ] 1|D1...1...1 > ] > DO...O...O)

Proof in Appendix [B.3|[

The weights lie between zero and one, and collectively sum up to one. The weights depend on
the relative strength of the instruments, which is closely tied to the corresponding proportions
of combined compliers. Compliers whose treatment level is moved along multiple treatment
levels by the instrument contribute multiple times in the weights, which is equivalent to the
representation in Theorem 1. The connection between the two representations can be seen as
follows: P(D1-1 > j> D0-0-0) =% . P(T = ccgy).

To illustrate the general result of the alternative representation of Theorem 1, consider the
example of a three-valued treatment, D € {0, 1,2}, and two binary instruments, Z; € {0,1} and
Zy € {0,1}. Note that the combined compliers denoted by cca increase their treatment level
from zero to two when all instrument values change from zero to one, and hence these compliers
contribute twice to the alternative representation in Equation @ This can be seen from the
weights: These particular compliers contribute to both P(Dit > 2 > D) and P(D} > 1 >
D?O). Conversely, compliers that respond with a one-level change in the treatment due to this
change in instrument values contribute only once. The compliers in the aggregated complier

group ccp 1 contribute to P(Dl-11 > 2> D?O), while the compliers in the aggregated complier

4As mentioned by [Angrist and Imbens| (1995), with J + 1 treatment levels, the % potential treatment
effects can be written with respect to the J linearly independent treatment effects when the treatment level
increases with one unit: Y7 — Y77, Thus, if D € {0,1,2}, then J + 1 = 3, meaning that there are six possible

treatment effects: Y1 —Y° Y2 —Y% v2 v vO -yl YO —¥2 and V! - Y2
5The representation in Theorem 1 resembles the result by [Frolich| (2007), whereas the representation in this

section more closely resembles the result by |Angrist and Imbens| (1995).
5The proof relies on D consisting of integer values in {0, 1, ..., J}, and can in some settings be obtained by a

linear transformation of D, which boils down to multiplying the CC-ACR with a constant.
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group ccyo contribute to P(Dit > 1 > D). The usefulness of the weighting function in

Equation @ is detailed further in the next section.

3.6 Weighting function of the alternative representation

The alternative formulation of Theorem 1, as presented in Equation @ in the previous section,
offers two substantial advantages. The first advantage is that it allows for a better understanding

of the estimates as it permits the estimation of the weights in Equation @, since

_ P(DO...O...O < ,]) _ P(Dl...l...l <,])

—PD<jlZy=Zy=..=Zx=0)—P(D<j|Z1=0y=..=Zg =11
where P(D%9-0 < j) — P(D}'l < j) = P(D< j|Z1=Zy=..=Zx =0) — P(D < j|Z; =
Zy = ... = Zk = 1) holds because of independence.

It is important to note that the weights given by the group type shares P(T = ccy ;) of the
CC-ACR estimand in Equation are not point-identified, meaning that these weights cannot
be estimated without imposing additional assumptions. Consider, for example, the simplest case
where P(D!! > 1 > D) = P(T = ccp1) + P(T = ccpp) and P(D'! > 2 > D) = P(T =
cc12)+ P(T = ccp2). These are two equations with three unknowns. Ruling out one type would
allow for point-identification and estimation of the shares.

The second advantage of deriving the weights in Equation @ is that necessary conditions for

the validity of the LiM assumption arise from the weighting function. If LiM (i.e., P(D!1+1 >

j. Consequently, the expression in Equation must be greater than or equal to zero under
LiM, meaning that the LiM assumption implies that the weighting function is positive across

all treatment levels and vice versa.

3.7 Identification of the CC-ACR for a continuous treatment

Up to this point, the present study has focused on discrete, ordered treatments. However, it is
worth noting that in many settings the treatment can be continuous. Theorem 2 provides the

results for the continuous treatment setting.

"Angrist and Imbens| (1995) provide the weights for the setting with a single binary instrument.
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Theorem 2: Continuous treatment effect

Let Assumptions 1, 2, 8, and 4 hold. If the treatment is continuous, the CC-ACR is identified

as
E(Y\Zl =/y=..=Lg = 1) — E(Y\Zl =Zy=..=Lg = O)
Bcoc-AcR = — — — —
E(D\Zl =Jy=..=Jg = 1) — E(D]Zl =Jy=..=Jg = 0)
B /oo P(Dl...l...l Z t> DO...O...O) 8E(Yt\D111 Z t> DOMOMO)dt
—Jo fooo P(Dl-1-1 > j > DO-.0..0)gj ot )

Proof in Appendix

Theorem 2 is analogous to the CC-ACR derived for discrete, ordered treatments in Equation
@. It essentially represents a weighted average derivative, with the weighting terms being
determined by the shifts among combined compliers resulting from simultaneously moving all
instrument values from zero to one. The included combined complier types are those types
whose treatment status ¢ lies between D!+~ and D%0--0 Hence, the stronger the instrument,
the larger the subpopulation considered by the CC-ACR. The weight assigned to the specific
potential treatment levels is proportional to the share of complier types whose treatment status

t lies between D11 and DY-0--0,

3.8 Binarizing continuous instruments

In some applications, instruments may be continuous and can be binarized to apply the proposed
methodology. The choice of cut-off value is critical, as it significantly affects the interpretation
of the CC-ACR estimand by altering the complier population.

In certain cases, there is a clear rationale for selecting a cut-off, particularly in economic
analyses focused on the average causal effect within a specific complier group. For example, when
evaluating the impact of a new college, policymakers might set a proximity threshold, coding
distances under ten minutes as zero and those over sixty minutes as one. This approach helps
isolate the LATE for individuals responsive to this threshold, aiding targeted policy development.

Without such a theoretical basis, one might aim to estimate the causal effect for the largest
feasible complier group. Selecting observations with extreme propensity scores captures substan-
tial shifts in treatment assignment but reduces the number of observations. Conversely, using
the median as a cut-off retains more observations but captures a smaller portion of the complier
group. This trade-off requires careful consideration and a balanced approach is advisable. In the
absence of economic guidance, setting the cut-off at the 25th and 75th percentiles might offer
a practical compromise, likely preserving more observations while capturing a larger complier

group than a median-based cut-off.
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4 Test for detecting violations of LiM

In this section, I show how the necessary conditions implied by LiM, derived in Section [3.6] can

be exploited to construct formal statistical tests for detecting violations of the LiM assumption.

4.1 Global violations

As demonstrated in Section [3.6] under LiM, it must hold that the CDF of D given Z; = Zy =
.. = Zg = 1 and the CDF of D given 21 = Z, = ... = Zg = 0 do not cross, and the
former CDF first-order stochastically dominates the latter CDF. This is a necessary (though
not sufficient) condition that can be verified from the dataﬂ Global violations can be quickly
detected through visual inspection: if the CDFs do not intersect, the necessary condition for
LiM holds across all instances of the causal response function. A more formal testing procedure
for stochastic dominance can be obtained through the Kolmogorov-Smirnov test, or through
a multiplier bootstrap test, which is particularly of interest when the asymptotic distribution
of the test statistic under the null hypothesis is unknown (see, for example, |Abadie (2002)).
A formal global test lies outside the scope of this paper. Instead, the next section focuses on

detecting local violations.

4.2 Local violations

This section addresses the possibility that more severe local violations of LiM could exist within
specific subgroups and get averaged out in the full sample, which would decrease power of a test
for LiM. It can be shown that LiM implies that the following inequality must be satisfied at any
point z in the covariate space (see Appendix :

EID<j)|Z=0,X=2)—EID<j)|Z=1,X=x)>0forall je{0,1,...J}, (8

where Z equals one if 71 = Zy = ... = Zg = 1 and zero otherwise. Testing a condition at
every level of the treatment, j, can offer the advantage of detecting for which causal response,
E(YJ —yi=lDl-1-b > 5 5 pDO-0-0) " the weight of 7; in Equation @ might be negative.
This provides knowledge at what point of the causal response function the assumption might be
violated. A disadvantage is that it can be computationally intensive, especially if the treatment
can attain a large range of values.

The necessary conditions established in Expression (8] boil down to estimating heterogeneous

causal effects of the instrument on the treatment. Let (D;, Z;, X;) be i.i.d. observations for

8Note that, in a similar fashion, one can consider the choice restrictions imposed by PM and verify that these
hold across the treatment margins by comparing conditional CDFs. While LiM can be tested with only one

comparison, PM involves K - 257! = 12 comparisons of CDFs when K = 3 instruments are available.
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i = 1,...,n, and define the pseudo variable Q;; = I(D; < j). Then, write the conditional
average treatment effect (CATE) of Z on Q; at the point X =z as

7i(z) = BE(Qj4|Z = 1, X; = x) — B(Q;4|Z =0, X; = ). 9)

Under Assumptions 1 to 4, the inequality 7;(z) < 0 has to be true for every combination of
j and . If 7;(x) is positive, this indicates a violation of LiM, meaning that the necessary
conditions for LiM can be interpreted as learning the sign of a conditional average treatment
effect (CATE). Moving forward, I closely follow the procedure proposed by Farbmacher, Guber,
and Klaassen| (2022) (see Appendix [C.2]for a detailed description). First, a causal forest (Wager
& Atheyl, [2018) is employed for estimating these heterogeneous CATEs. Then, the heterogeneity
is summarized by shallow Breiman trees, which additionally allow for visualization of the test.
Relevant subgroups are selected through pruning of these trees. Finally, promising subgroups
with potentially positive CATEs are selected and tests with Bonferroni-corrected p-values are
performed [

The proposed approach offers two main benefits. Firstly, if the degree of violation of the
assumption differs for different subgroups, then this test has larger power than alternative tests,
since it checks for violations of monotonicity in a specific area of the covariate space instead of
in the full sample. Secondly, it is beneficial to form subgroups in a data-driven way, instead
of having a researcher create potentially arbitrary subgroups. The latter can be especially
inefficient in case of high-dimensionality of the covariate space.

A violation of LiM can have substantial consequences, potentially leading to estimating the
wrong sign of the CC-ACR parameter or to less precise estimates. These issues are particularly
pronounced in the case of few compliers (Angrist, Imbens & Rubin, 1996)). LiM does allow for
response types that defy with respect to some of the instruments, as long as they can be pushed
towards compliance by some other instrument. However, defier types that respond most strongly
to the instrument that they defy are problematic. The presence of these defiers exacerbates this
bias, which is influenced by the instrument’s strength and the variability of treatment effects.
Insights into the magnitude of the violation can be gained through sensitivity testsm Detecting

a violation within any subpopulation undermines the IV validity for the whole population, as

%In some applications, the Bonferroni correction might be too conservative and exhibit low power. This
correction is most effective when tests are independent, which is clearly not the case here. Consequently, it
might be more beneficial to calculate the critical value while considering the correlation between variables and
tests. |Chernozhukov, Chetverikov, Kato, and Koike| (2023) propose a bootstrap approach that allows to test
on uniformly valid confidence intervals. In an effort to increase power, |Huber and Kueck| (2022 implement a

multiplier bootstrap which involves a score function with dimensions equal to the number of leaves tested.
OFor instance, [Klein| (2010) offers insights into recovering the LATE when monotonicity violations occur ran-

domly and how to approximate the bias. [Noack| (2021) develops methods to assess the sensitivity of LATEs to

violations of TAM. Extending these findings to LiM violations presents an intriguing avenue for future research.
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it raises the potential for similar issues to exist in other subpopulations (Farbmacher, Guber &

Klaassen, 2022).

5 Estimation of the CC-ACR

5.1 Estimation without covariates

There are several ways of estimating the CC-ACR presented in Equation . A simple approach
is to implement the TSLS method within the subsample of observations at the outer support
of the instrument values using 7 = ZW = Zy = ... = Zk as the single instrument. Assum-
ing independent sampling, this strategy yields consistent estimates and asymptotically valid
confidence intervals for the parameter Scc.acr. An alternative estimation approach involves
formulating moment equations and subsequently utilizing the generalized method of moments
(GMM) framework. Furthermore, it is worth noting that the parameter in Theorem 1 can
also be estimated by simply replacing the expectations with sample averages. Specifically, this
involves comparing the average outcome Y and the average treatment D for the instrument
values Z = 1 to the average outcome Y and the average treatment D for the instrument values
7 = 0, respectively.

It is important to point out that, while increasing the number of instruments decreases the
sample size used for estimating the CC-ACR, adding instruments does not inherently increase
variance. This is because increasing the number of instruments can increase the share of com-
bined compliers considered, possibly resulting in a variance reduction. For a more detailed
discussion, refer to [van 't Hoff, Lewbel, and Mellace (2023).

Another noteworthy observation is that the proposed methodology accommodates weak in-
struments, provided they do not substantially reduce the number of observations and at least
one strong instrument is present. As a result, valuable information from weak instruments, such

as the 2-year college instrument in [Card/s [1995| study, can still be obtained.

5.2 Estimation with covariates

Corollary 2 in Section provides the identification result of the CC-ACR under the assump-
tion that conditional independence holds, assuming adequate overlap. While it may be tempting
to incorporate covariates linearly into the subsample-TSLS approach outlined in the previous
section, linear inclusion of the covariates can neglect treatment effect heterogeneity and intro-
duce interpretation complexities already in the context of binary treatments (Blandhol, Bonney,
Mogstad & Torgovitskyl, 2022; [Stoczyriskil 2020)). | Blandhol, Bonney, Mogstad, and Torgovitsky

(2022)) demonstrate that the linear inclusion of covariates in the TSLS estimator may result in
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the inclusion of response types beyond compliers. It is particularly concerning that treatment
effects for these additional response types might always receive negative weights.

A fully saturated first stage is necessary to preserve the interpretation of the estimates, which
suggests the use of nonparametric estimation methods. With only a few discrete covariates,
nonparametric approaches such as kernel regression, local polynomial regression, and series
estimators may be suitable (see [Frolich, |2007). However, these methods quickly run into the
curse of high dimensionality as the number of covariates increases.

To circumvent this issue, I flexibly control for covariates with rich interactions and complex
functions using machine learning to handle high-dimensional controls. Specifically, I extend the
double debiased machine learning (DML) framework by |Chernozhukov, Chetverikov, Demirer,
Duflo, Hansen, Newey, and Robins| (2018)) to estimate the CC-ACR with covariates of Equation
, which equals the ratio of two average treatment effects (ATEs), in an interactive IV modelﬂ
To the best of my knowledge, this is the first paper to use the DML framework in a setting with
disrete, ordered or continuous treatments and multiple binary instruments. By focusing on the
subsample of size ng where either 71 = Zo = ... = Z, = lor Z1 = Zy = ... = Z, = 0,
and introducing the single binary instrument Z , I reduce the estimation complexity of multiple
instruments to a single instrument scenario while maintaining the advantageous interpretation
of using multiple instruments. Furthermore, the results do not depend on binary D; only the
instrument Z needs to be binary.

The following interactive instrumental variable model is considered:

Y =u(Z,X)+v, E(|Z X)=0,
D=my(Z,X)+U, EU|Z X)=0,

Z=po(X)+V,  EVI[X)=0,

where v, U, and V are independent. Define the following functions for the true value of the

nuisance parameter 19 = (uo, Mo, Po):

po(Z, X) = E(Y|Z, X),
mO(Z7X) = E(D|27X)7
po(X) = E(Z]X).
The nuisance parameter 17 = (u, m,p) denotes square-integrable functions u, m, and p. While
pu and m map the support of (Z,X) to R, p maps the support of X to (e,1 — &) for some
e€(0,1/2).
Adjusting the methodology of |(Chernozhukov, Chetverikov, Demirer, Duflo, Hansen, Newey,

and Robins (2018]), denote the true parameter of interest ﬁgC'ACR. The orthogonal score for

"For an introduction to DML, see |Chernozhukov, Hansen, Kallus, Spindler, and Syrgkanis| (2024).
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BCC ACR ;

estimating is given by

" ((YD X, Z . gCc- ACR,n)
Z

_ _0=2D )\ y_ .z
= p(1,X) - (OX)+<p(X) 1_p(X)> Y — (2, X)) (10)

—|m —m Z _ (1-2) D —m(Z » BCC-ACR
((LX) <0,X>+<p(X) 1_p(X)) (D <Z,X>>> fOCACR,

and at 9 = (1o, mo, po) satisfies the moment condition E(y((Y, D, X, Z); GCO-ACR 15)) = 0 and
the Neyman orthogonality condition 0, Fy((Y, D, X, Z ); OCC‘ACR, no) = 0. Then, under similar
regularity assumptions as stated in|Chernozhukov, Chetverikov, Demirer, Duflo, Hansen, Newey,
and Robins| (2018), the behavior of 3CCACR is not affected by the estimation error of the nuisance

parameters:
V(O — BCACT) = \/nEn(60(Y, D, X, Z)),
where
¢0(Y. D, X, Z) = —J5 ' (W3 55, o),
is the influence function and

Jo == E (mo(1, X) —mo(0, X)),

BCC—ACR

the Jacobian matrix. Subsequent these conditions, is approximately normal:

Vs (BECACR — gECACR) L N(0,V), V= E(¢o(Y. D, X, Z)¢o(Y, D, X, Z)").

Estimates of BCC'ACR

are obtained through plugging in the cross-fitted residuals, constructed
by the predictions of the nuisance functions of the machine learners over K folds, into Equation
. Median estimates over different sample splits can be considered to account for variability
in finite samples due to sample splitting, making the estimates more robust to outliers.
Post-regularized inference proceeds as proposed by |Chernozhukov, Chetverikov, Demirer,

Duflo, Hansen, Newey, and Robins| (2018]), with V obtained by plugging in the different compo-

nents and subsequently 1% /ns the estimator of the standard error of BCC‘ACR.

6 Empirical applications

The proposed methodology is broadly applicable to various studies involving nonbinary, or-
dered treatments and multiple instruments, including studies like |Attanasio, Maro, and Vera-

Hernandez| (2013). My results further extend to studies using Mendelian randomization, which
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employs genetic variants as instruments and has found applications in social sciences and eco-
nomics (see, for example, Dixon, Hollingworth, Harrison, Davies & Smith, [2020; Scholder, Smith,
Lawlor, Propper & Windmeijer, [2013). To provide another example, my results are relevant to
applications that instrument for child BMI using the BMI of biological relatives (see, for example,
Cawleyl, 2004; |Lindeboom, Lundborg & Van Der Klaauw, |2010; [Kline & Tobias, 2008]).

To demonstrate the results of the preceding sections, I consider two empirical applications.
First, I revisit (Card’s (1995]) seminal study on the returns to education. Second, I apply the
novel methodology to |Angrist and Evans’ (1998) data to study the effect of an additional child

on female labor market outcomes.

6.1 The causal effect of schooling on wage
6.1.1 Data

Here, I briefly introduce the most relevant aspects regarding the data set, referring the interested
reader to Card (1995)) for a more detailed discussion. |Card, (1995)) uses data from the 1979 Na-
tional Longitudinal Survey of Youth (NLSY79). The data are available in the R package ivmodel
from [Kang, Jiang, Zhao, and Small| (2021)). The outcome variable is the logarithm of wage, the
treatment is years of education (D € {8,9,...,18}), and the instruments are indicators for the
presence of 2-year and 4-year colleges within a county (Z1,Z2 € {0,1}). Given the concerns
about instrument validity raised in (Card| (1995), I adopt a similar approach by incorporating
a comprehensive set of controls in the analysis. These controls include dummy variables for
race, living in the South, residing in a metropolitan area, and region fixed effects to account for
potential systematic variations across different geographical regions. Additionally, IQ is included
as a control variable.

Card| (1995)) primarily focuses on the 4-year college instrument, deeming the 2-year college
instrument weak. However, excluding the 2-year college means losing information on men who
comply only with this instrument. My methodology can handle weak instruments as long as
one is strong. While including the 2-year college reduces observations for CC-ACR estimation
by 44% (see Table , it adds compliers, potentially offsetting the loss of observations without
reducing efficiency (see van 't Hoff, Lewbel, and Mellace, (2023)).

6.1.2 Analysis of the causal effect of schooling on wage

In this section, I present the empirical findings from implementing the TSLS methodology as
well as the proposed CC-ACR methodology. The results are reported in Table [5] and Figure

The TSLS specification is saturated in the instruments in the first stage. The TSLS estimates
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Table 4: Number of observations in the full sample and the subsample used for estimating the

CC-ACR in the study by (Card| (1995)).

Nr. obs. % obs.

Full sample 2,061 100%

Subsample where A equals zero or one 1,159 56%

without covariates should be interpreted as the weighted average of the weighted averages in
Equation of Proposition 1. It is important to note that differences in estimates can be
attributed to differences in underlying complier populations, underlying assumptions, potential
violations of the partial monotonicity assumption, or the different weighting schemes. Notably,
the confidence intervals of TSLS are comparable to those of CC-ACR, despite CC-ACR using
only 56% of the observations. However, it should be noted, that the two methods estimate
different causal parameters.

Columns 3 and 4 present the results when using the 2-year and 4-year college instruments
individually, while controlling for the other instrument. The estimated effects are imprecise,
likely because each instrument lacks sufficient strength. However, when the estimates are com-
bined - shown in Column 6 with the TSLS estimate and Column 8 with the CC-ACR estimate
- the estimated effects are significant, leveraging the combined strength of the instruments.

Covariates are included linearly in Columns 6 and 8 of Table [5| This linear inclusion may
be problematic in the case of multiple instruments, as it can introduce biases from never-takers
and always-takers, potentially contaminating the estimated averages of combined complier ef-
fects (see Section [5.2)). Ideally, one would include all covariate and instrument interactions to
maintain optimal interpretability. However, this fully saturated specification suffers from high
dimensionality. Specifically, ignoring the control for IQ for the moment, the number of parame-
ters in a fully saturated first stage with 2 binary instruments and 12 dummies is 2'* = 16, 384,
which far exceeds the number of observations in the subsample, making it infeasible to use a
fully saturated specification.

I now shift my focus to the DML approach discussed in Section which offers greater
flexibility in accounting for confounding factors, thereby maintaining the interpretation of the
CC-ACR. For estimating the nuisance functions, I employ three different machine learning al-
gorithms: Lasso (Tibshirani, |1996), Random Forest (Breiman, 2001), and Boosted Trees (Fried-
man, 2001)). Details regarding specific implementations, including hyperparameter tuning, can
be found in Appendix

The best learner was selected by standardizing the root mean squared error (RMSE) for

predicting the three nuisance functions and choosing the learner that minimized the sum of these
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Table 5: The causal effect estimates of an additional year of schooling on wage.

Bos Boyear  Biyear Brsis Bec-acr ADML-Lasso  SDML-RF  BDML-Boosted
(1 @) ®3) (4) (5) (6) (7 ®) 9) (10) (11)

Years of schooling 0.039***  0.027***  0.286 0.072  0.254**  0.117" 0.268***  0.170* 0.147*  0.122*** 0.136**

(Std. err.) (0.004)  (0.004) (0.217) (0.069) (0.060) (0.064) (0.068) (0.070) (0.047) (0.042) (0.053)
Observations 2061 2,061 2061 2061 2,061 2061 1,159 1,159 1,159 1,159 1,159
% observations 100% 100% 100%  100% 100% 100% 56% 56% 56% 56% 56%
Covariates no linear linear  linear no linear no linear flexible flexible flexible

Note. This table presents the estimates of causal effects of an additional year of schooling on wage for different causal parameters and estimation approaches.
Ba.year and ﬁ4,year give the instrument-specific LATE when using the instruments separately. For columns (9), (10), and (11), results are obtained using five-fold

cross-fitting. For columns (9), (10), and (11), median estimates and standard errors across 25 splits are reported to take into account different sample splits.

*Significance level: * p < 0.1, ** p < 0.05, *** p < 0.01.

errors (see Table|13|in Appendix|D.1|). The estimate using the best-performing learner (Boosted
Trees) is presented in Figure |1} though the mean RMSE values across all machine learners are
similar (see Table [13|in Appendix , as well as the CC-ACR estimates, indicating that the
primary insights are unaffected by the choice of learner.

The CC-ACR estimate with the best learner implies that a one-year increase in education
is associated with an average wage increase of approximately 14% for the combined complier
population. This is slightly higher than the estimate found with TSLS, though it should be
noted that TSLS requires imposing PM instead of LiM, and PM might be violated, leading
to an undesirable interpretation. The large effect might be attributed to the inclusion of the
2-year college, which adds compliers likely at the lower end of the wage distribution. The
CC-ACR estimate therefore includes individuals who might benefit more from schooling than
those affected by the presence of a 4-year college or those unaffected by the presence of a college,
aligning with earlier arguments theorized by|Card| (1995). This is particularly interesting because
it provides insights about the 2-year college compliers, even though the 2-year college instrument
is a weak instrument and does not provide consistent estimates by itself. Adding 2-year college
compliers is possible thanks to the strong 4-year college instrument, meaning that CC-ACR
using both instruments offers additional insights.

Finally, the CC-ACR estimates for the years of schooling variable account for individuals
who attended some college but did not complete a degree, in contrast to the binary college
diploma variable, which only indicates the absence of a degree. Exploring how these differences
in estimates could support either human capital theory (education enhances productivity) or
signaling theory (education signals ability to employers) would be valuable but is beyond the

scope of this study.
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Figure 1: This figure presents some of the estimates of the causal effect of schooling on wage
reported in Table [5] for easier comparison. CC-ACR-BEST is the DML estimate obtained using

the machine learner that achieved the lowest sum of standardized mean RMSE

6.1.3 Weighting function of the CC-ACR

As shown in Section the unstandardized weighting function can be obtained by subtracting
the CDF's of the treatment conditional on the instrument values as follows: P(D < j|Z; =
Zy=..=Zg=0)and P(D < j|Z1 =Zy = ... = Zg = 1). Figure depicts the two CDFs
and Figure |3| depicts their unstandardized difference. Standardizing this to sum to one (that
is, normalizing them by the first stage), this function provides the weights associated with the
per-level effects along the causal response function of the CC-ACR as presented by Equation
@. These weights reflect the combined strength of the instruments and are informative about
the complier distribution across the range of treatment values.

For each year of schooling j, the difference is the share of individuals whose education
increases from less than j years to j years or more in response to the shift in instrument values.
Unsurprisingly, the figure shows that more weight is concentrated around 12 to 14 years of
education. This period, just after high school, is when most individuals make decisions about
attending college, and thus, when the instruments (such as the presence of colleges) are most
likely to influence educational attainment. This observation aligns with the findings of [Kling
(2001). While it is not possible to determine the exact size of the complier population due to
potential overlaps at different treatment values, Figure |3| offers an estimate of a lower bound.
The data indicates that at least 13% (the maximum value of shares) belongs to the combined

complier population.

27



CDF of D given Z=(0,0) - CDF of D given Z=(1,1)

1.00
0.75
0.50 P

0.25

Cumulative probability

0.00  — ——— == -

8 10 12 14 16 18
Years of schooling

Figure 2: CDFs of the treatment conditional on the outer support of the instrument values in
’s (1995)) application. When the CDFs cross, this might provide a visual indication that

the necessary condition for LiM does not hold at that treatment level.
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Figure 3: The unstandardized weighting function of the CC-ACR parameter of Equation (@}
in ’s application. Standardizing these values to sum up to one gives the weights
on the average causal responses of the combined complier types. 95% confidence intervals are
calculated in a standard fashion for a difference in proportions and indicated by the dashed

lines.
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Table 6: Number of initial response types for different combinations of treatment and instrument

values.

Treatment Instrument(s) Nr. Response Types
D e {0,1} Zy € {0,1} 4
D e {0,1} Z1,Z € {0,1} 16
D€ {0,1,2} 71,75 € {0,1} 81
De{8,9,..,18} 71,7 € {0,1} 14,641

Table 7: Two example types in (Card/s (1995) study. PM rules out one of these two types,
imposing that individuals either prefer the 2-year college or the 4-year college. Both types are
consistent with LiM (P(D'' > D%) = 1). Z; is the instrument for the proximity of a 2-year

college, and Z5 for the proximity of a 4-year college.

Type Do ol plo pll

t12,14,12,14 | 12 14 12 14
t12,14,16,14 12 14 16 14

6.1.4 Plausibility of LiM

In |Card’s |1995 study, there are (J + 1)2K = 11* = 14,641 different initial response types (see
Table@. Identifying a causal effect necessitates ruling out some types by imposing monotonicity.
LiM is arguably more plausible than PM in this context.

To illustrate, consider the two types in Table The first type, t1214,12,14, does not attend
college when no college is nearby (D = 12), attends a 2-year college if one is nearby (D% = 14),
but does not respond to the presence of a 4-year college (D10 = 12). The second type, t12.14,16,14,
does not attend college when no college is nearby (D% = 12), attends a 2-year college if one
is nearby (D% = 14), and attends a 4-year college if one is nearby (D' = 16). Both types
are likely to exist, but PM would rule out one, as it requires either P(D'® > D) =1 or
P(D'Y < D) = 1. While PM requires weak monotonicity in the propensity score function with
respect to instruments, LiM does not, and thus allows for the coexistence of the two example
types in Table [7] and many more.

Interestingly, Mogstad, Torgovitsky, and Walters (2021) highlight that a key limitation of
TAM is its inherent preference for one instrument over another, which restricts choice behavior.

However, when extending PM to the nonbinary treatment setting, PM faces similar restrictions.
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6.1.5 LiM test

LiM can be violated if there exist defiers with respect to one instrument who cannot be convinced
to comply by another instrument. Consider the case of defiers with respect to the 4-year college
instrument. These individuals may be negatively influenced by proximity to a 4-year college due
to negative interactions with the college community, unfavorable perceptions of the institution’s
culture, or discouraging information about attending college. Furthermore, familiarity with the
nearby college might diminish its perceived prestige, deterring them from pursuing a 4-year
education. If such defiers cannot be persuaded to comply by the presence of a 2-year college,
LiM is violated.

A visual inspection of Figure 2| hints at a potential violation of LiM for low treatment values,
as the CDFs cross when the number of years if schooling is below 12 years. To address potential
violations of LiM within subgroups of observed characteristics, I implement the local LiM test as
described in Section For this, I adapt the R package LATFEtest developed by [Farbmacher,
Guber, and Klaassen (2022){1—_71 The test indicates no detected violation of the LiM assumption.

6.2 The causal effect of additional child on female labor market outcomes

In this section, I apply the proposed methodology to the data from Angrist and Evans (1998)

to analyze the impact of an additional child on female labor market outcomes.

6.2.1 Data

The data for the analysis is derived from the 1980 Census Public Use Micro Data Samples
(PUMS). I consider the sample of married women. For an in-depth discussion of the data, see
Angrist and Evans (1998). The primary outcome variables considered are a mother’s annual
labor income, the hours worked per week, and the weeks worked per year. The treatment variable
is the number of children (D € {2,...,6}). Families with more than six children are excluded to
avoid low representation when sample splitting for the DML-based estimation approach, to aid
in the interpretation of the estimated CC-ACR, and since the data only contains information
for the first five children born.

I consider two instruments for the analysis. The first instrument, Z;, is a binary variable
that equals one if there are twins at the second or subsequent births and zero otherwise. To the
best of my knowledge, this instrument has not been previously used in the literature. Unlike
the twinning instrument by Angrist and Evans (1998]), which is specific to the birth of a third

child, this novel instrument provides incentives for having an additional child for any number

12The procedure’s configurations are as follows: The fraction of data used for each tree equals its default value

of 0.5, and the minimum size of control and treated observations per leaf is set to 50.
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of children between 2 and 6. The second instrument, Zs, is the classical same-sex instrument,
which is equal to one when the first two children are of the same sex/”|

Following |Angrist and Evans| (1998), the covariates included in the analysis are mother’s
age, age at first birth, sex of the first-born, and indicators for race and Hispanic ethnicity.
Additionally, the analysis controls for the sex of the second-born, the marital status of the

mothers, and the mothers’ highest level of educational attainment.

6.2.2 Analysis of the causal effect of an additional child on female labor market

outcomes

This section presents the causal effects of an additional child on three female labor market
outcomes: annual labor income, hours worked per week, and weeks worked per year, using
different estimation techniques. Table [§] provides estimates, some of which are emphasized in
corresponding Figure

When using the novel twinning instrument that considers twinning at any birth (Column
3), no significant effect is observed. This contrasts with the original paper, which focused on
twinning at the second birth. One possible explanation for this difference is that women who
have an additional child at, for example, the fourth birth might already be inclined to have
larger families and be less active on the labor market. As a result, compliers with respect to the
novel twinning instrument likely experience a smaller effect of an additional child on their labor
market outcomes.

The TSLS and CC-ACR estimates combining both instruments and linearly including co-
variates, presented in Columns 6 and 8, respectively, indicate no effect of an additional child on
annual labor income (Panel A), and only the TSLS estimate indicates a reduction of 0.896 hours
worked per week. Columns 9 and 11 display the results of the CC-ACR estimates obtained using
DML, which flexibly accounts for covariates. Detailed specifications for the machine learning
models are provided in Appendix Tree-based methods reveal a significant, albeit small,
reduction in labor income between $97.245 and $70.832 (Panel A), with the latter estimate
produced by using Boosted Trees as learners for the nuisance parameters, which achieved the
minimum combined RMSE. In contrast, with Lasso as learner, the effect estimates are not sig-
nificant. This may be attributed to only including third-order interactions (see Appendix ,
which suggests that the poor performance of Lasso could be due to the highly complex nature
of the relationships involved. Across the machine learning methods, a significant reduction in

hours worked per week is observed, ranging from 0.59 to 0.895 hours (Panel B). Additionally,

13Note that using this instrument is equivalent to using an instrument that equals one if the first two, three,

four, or more children are all of the same sex and zero otherwise.
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Table 8: The causal effect estimates of an additional child on female labor market outcomes.

Bors }gtw'mning Beame-sex Brsis Boc-ack BpMI-Lasso  BDMLERF  BDML-Boosted
(1) 2) ®3) (4) (5) (6) ul ®) ) (10) (11)
Panel A: Causal effect on labor income
Additional child  —709.900"**  —1022.451"**  44.864 —631.253"* -143.230  -81.720  40.500 191.718 19.016 —97.245"*  —70.832***
(Std. err.) (13.930) (14.203) (93.878)  (229.681) (95.140)  (86.734) (14.200) (124.279)  (20.723) (23.309) (19.574)
Observations 207,674 207,674 207,674 207,674 207,674 207,674 103,935 103,935 103,935 103,935 103,935
% observations 100% 100% 100% 100% 100% 100% 50% 50% 50% 50% 50%
Covariates no linear linear linear no linear no linear flexible flexible flexible

Panel B: Causal effect on hours worked per week

Additional child — —2.468*** —4.137* -0.167 —4.055"** -1.780 —0.896** —1.167* 0.340 —0.895"**  —0.873*"* —0.590"**
(Std. err.) (0.054) (0.056) (0.372) (0.981) (0.367) (0.339)  (0.552) (0.487) (0.080) (0.091) (0.076)
Observations 207,674 207,674 207,674 207,674 207,674 207,674 103,935 103,935 103,935 103,935 103,935
% observations 100% 100% 100% 100% 100% 100% 50% 50% 50% 50% 50%
Covariates no linear linear linear no linear no linear flexible flexible flexible

Panel C: Causal effect on weeks worked

Additional child ~ —3.590"** —5.554"* -0.316 —5.033"*  —2.141"*  —-1.160"* —1.278* 0.452 —0.944*  —0.940"** —0.605"**
(Std. err.) (0.065) (0.066) (0.444) (1.166) (0.441) (0.404)  (0.660) (0.582) (0.096) (0.108) (0.091)
Observations 207,674 207,674 207,674 207,674 207,674 207,674 103,935 103,935 103,935 103,935 103,935
% observations 100% 100% 100% 100% 100% 100% 50% 50% 50% 50% 50%
Covariates no linear linear linear no linear no linear flexible flexible flexible

Note. This table presents the estimates of causal effects of an additional child on female labor market outcomes for different causal parameters and estimation
approaches.. &winnmg and Bsame,sex give the instrument-specific LATE when using the instruments separately. For columns (9), (10), and (11), results are
obtained using five-fold cross-fitting. For columns (9), (10), and (11), median estimates and standard errors across 5 splits are reported to take into account
different sample splits.

*Significance level: * p < 0.1, ** p < 0.05, *** p < 0.01.

weeks worked decreased significantly, with reductions between 0.61 and 0.94 weeks (Panel B).
Again, Boosted Trees outperform the other learners in terms of the RMSE (see Appendix
and the effect estimates indicate a significant reduction of 0.59 hours worked per week and 0.61
weeks worked.

The results presented in this section complement those of Angrist and Evans (1998). The
CC-ACR estimates the average effect of having any additional child after the first, which differs
from the original study by |Angrist and Evans (1998) that focuses on the effect of having more
than two children. Studies using the twinning instrument at the second birth or the same-sex
of the first two children are restricted to estimating the impact of a third child. In contrast,
the CC-ACR approach captures the effect of any additional child after the first, as the novel
twinning instrument affects the likelihood of having a second child or more, while the same-sex
instrument influences the birth of a third child or more. Second, Angrist and Evans (1998)
employ each instrument individually. A key advantage of using multiple instruments, as done
in this study, is that it accommodates defiers with respect to the same-sex instrument. These
defiers do not affect the CC-ACR estimates as long as they can be induced to comply through
the influence of the twinning instrument.

With respect to annual labor income, Angrist and Evans| (1998)) report reductions of $1,338
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(b) Causal effect of an additional child on hours worked per week.
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(c) Causal effect of an additional child on weeks worked.

Figure 4: This figure presents some of the estimates reported in Table [§| for easier comparison.
CC-ACR-BEST is the DML estimate obtained using the machine learner that achieved the

lowest sum of standardized mean RMSE.
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Table 9: Two example types in the Angrist and Evans (1998) application. PM rules out one of
these two types. Both types are consistent with LiM (P(D'! > D%) = 1). Z; is the twinning

instrument, and Z5 the same-sex instrument.

Type Do ol plo pli

t3727373 3 2 3 3
12.3,3,3 2 3 3 3

using the same-sex instrument and $1,308 using the twinning instrument for married women,
specifically for the effect of having a third child. For hours worked per week, they find reductions
of 4.87 and 4.59 hours, respectively. For weeks worked, they find reductions of 5.45 and 5.15
weeks, respectively. When compared to the CC-ACR estimates in Column 11 of Table 8] the
negative effect of an additional child, when considering up to six children, is noticeably smaller
than the effect of a third child as estimated by Angrist and Evans| (1998]). This discrepancy likely
arises because women who, for instance, have twins at the fourth or fifth birth may have differ-
ent labor market preferences and are already predisposed to lower labor market participation,

thereby attenuating the observed effect.

6.2.3 Weighting function of the CC-ACR

The CC-ACR weighting function provides insights into the shares of women at different house-
hold sizes who have more children because of the instrument incentives. Figure [6] shows an
absence of compliers at the treatment level of two children, which is expected as the instruments
incentivize having three or more children. Additionally, approximately 35% of the population
are combined compliers, as depicted in Figure [6] This means that at least 35% of the women

have an additional child because of twins or same-sex preferences.

6.2.4 Plausibility of LiM

Consider the two example types in Table @ A woman of type t3 233 has a strong preference for
two girls: she has three children if the first two are a boy and a girl (D% = 3), two children
if the first two are girls (D' = 2), and three children if twins are born at the second birth
(D' =3 and D! = 3). Another woman, t3 33 3, prefers the first two children to be of different
sexes: she has two children if the first two are of mixed sex (D% = 2), and three children if
the first two are of the same sex (D% = 3). PM does not hold here because it requires either

P(D' > D%) =1 or P(D' < D%) =1.
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Figure 5: CDFs of the treatment conditional on the outer support of the instrument values in

'Angrist and Evans’s (1998) application. The CDF's do not cross, indicating that the necessary

condition for LiM holds at all treatment levels and no violation of the LiM assumption is detected

visually in the full sample.
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Figure 6: The unstandardized weighting function of the CC-ACR parameter of Equation (H}

in |Angrist and Evanss (1998)) application. Standardizing these values to sum up to one gives

the weights on the average causal responses of the combined complier types. 95% confidence
intervals are calculated in a standard fashion for a difference in proportions and indicated by

the dashed lines.

35



6.2.5 LiM test

In the study by |Angrist and Evans (1998)), it is very unlikely that LiM is violated, as one
cannot defy the twinning instrument, which always pushes towards compliance (i.e., having
an additional child)E Consistent with this, Figure [5| visually provides no evidence of a LiM
violation. Unsurprisingly, the local LiM test (see Section does not detect a violationﬂ

7 Conclusion

This study advances the understanding of causal inference in the context of discrete, ordered and
continuous treatments with multiple instruments by introducing a novel approach to identifica-
tion and estimation. The central theoretical contribution, the CC-ACR, provides an intuitive
and robust alternative to the conventional TSLS methodology. Unlike TSLS, the CC-ACR
accommodates a less restrictive LiM assumption and offers a clearer interpretation of causal
effects by leveraging a weighting scheme directly tied to the shares of combined complier types.
This approach is particularly valuable for estimating the average causal effect of a one-level
increase in treatment.

The study also introduces a practical test for the LiM assumption, using causal forests to
detect local violations in a data-driven manner. This test enhances the robustness of empirical
findings by identifying potential subgroups where the LiM assumption may not hold.

Empirical applications underscore the practical advantages of the CC-ACR framework under
the LiM assumption. In estimating the returns to education, the CC-ACR allows for more
granular insights into the impact of each additional year of schooling on wages, surpassing the
binary approach that only considers college attendance. By leveraging both strong and weak
instruments, this method delivers more precise estimates and policy-relevant insights. Similarly,
in the analysis of the effect of additional children on female labor market outcomes, the CC-
ACR indicates heterogeneity in labor market preferences, facilitated by incorporating the novel
twinning instrument. The CC-ACR estimates are obtained by adapting the DML methodology
of Chernozhukov, Chetverikov, Demirer, Duflo, Hansen, Newey, and Robins| (2018)) to the setting
with discrete, ordered and continuous treatments and multiple instruments.

The present study also reveals several promising avenues for future research. For instance,
it is straightforward to extend the results to fuzzy regression discontinuity designs with a mul-
tivalued treatment and multiple running variables. Additionally, future research could assess
potential power improvements for the LiM test. Techniques such as pruning or replacing the

Bonferroni correction with a multiplier bootstrap approach, in the spirit of [Huber and Kueck

1 Note that |van 't Hoff, Lewbel, and Mellace| (2023) provide a related discussion in case of a binary treatment.
15Configuration settings for the LiM test are the same as those specified in footnote
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(2022), hold potential. Moreover, while the CC-ACR represents a weighted average of causal
effects, one might instead be interested in obtaining the causal effect of a one-level increase,
(Y7 —Y7~1), for some specific treatment level j € {1, ..., J}. Building upon the work of Kitagawa
(2021)) and Huber, Laffers, and Mellace| (2017)), partial identification could be explored for the
average causal response resulting from, for example, a one-level increase in the treatment level
for various combined complier groups. Note that for point-identifying the effect along specific
treatment margins for a combined complier population, an instrument that pushes individuals
towards compliance at that specific margin is required (see, for instance, [Bhuller and Sigstad,

2022).
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Appendices
A Complete table with response types

Table 10: Complete table with response types in case of three-valued treatment, D € {0, 1,2},
and two instruments, Z; and Zs. Suppose that the instrument support Z = {2, 21, 22, 23} is or-
dered such that E(D|Z = zy) < E(D|Z = z1) < E(D|Z = z3) < E(D|Z = z3) and label the or-
dered elements as zo, 21, 22, z3. Here, suppose Z = {zo, 21, 22, 23} = {(0,0), (0,1), (1,0), (1,1)}.

v'indicates the response types under the different forms of the monotonicity assumption.

D% D* D? D
Combined type Type D% pO pio pl TiM PM IAM

cn2.2 192,222 2 2 2 2 v v v
notse 2 1 2 2
2022 2 0 2 2 v
nos1e 22 1 2
notte 2 1 1 2
n2012 2 0 1 2 v
192,2,0,2 2 2 0 2 v
noio2 2 1 0 2
12,0,0,2 2 0 0 2 v

12 €1,2,2,2 1 2 2 2 v v v
€1,1,.2,2 1 1 2 2 v v v
€1,0,2,2 1 0 2 2 v
Clogs 12 1 2 v
€1,1,1,2 1 1 1 2 v v v
€1,0,1,2 1 0 1 2 v
€1,2,0,2 1 2 0 2 v
€1,1,0,2 1 1 0 2 v
€1,0,0,2 1 0 0 2 v

o2 €0,2,2,2 0 2 2 2 v v v
€0,1,2,2 0 1 2 2 v v v
€0,0,2,2 0 0 2 2 v v v
€0,2,1,2 0 2 1 2 v v
€0,1,1,2 0 1 1 2 v v v

Continued on next page
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Table 10 — continued from previous page

Combined type Type D DO pot pl TiM PM IAM
€0,0,1,2 0 0 1 2 v v v
c02,02 0 2 0 2 v v
co1,02 0 1 0 2 v v
€0,0,0,2 0 0 0 2 v v v
cda dooo1 2 2 2 1
dygon 2 1 2 1
dyoor 2 0 2 1
dooi1 2 2 1 1
dopgn 2 1 1 1
dyoin 2 0 1 1
daoo1 2 2 0 1
dyior 2 1 0 1
d2po1 2 0 0 1
cni 1 n1,2,2,1 1 2 2 1 v
niies 11 2 1
nioz21 1 0 2 1 v
moin 12 1 1
niiin 1 1 1 1 v v v
n1,0,1,1 1 0 1 1 v
ni2o01 1 2 0 1 v
ni01 1 1 0 1 v
11,0,0,1 1 0 0 1 v
cco 1 €0,2,2,1 0 2 2 1 v
o121 O 1 2 1
€0,0,2,1 0 0 2 1 v
€0,2,1,1 0 2 1 1 v
€01,1,1 0 1 1 1 v v v
€0,0,1,1 0 0 1 1 v v v
€0,2,0,1 0 2 0 1 v
€0,1,0,1 0 1 0 1 v v
€0,0,0,1 0 0 0 1 v v v
cdayg dyooo 2 2 2 0
dai20 2 1 2 0
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Table 10 — continued from previous page

Combined type Type D DO pot pl TiM PM IAM
dao2o 2 0 2 0
daoio 2 2 1 0
doi1o 2 1 1 0
daoio 2 0 1 0
daooo 2 2 0 0
daioo 2 1 0 0
daooo 2 0 0 0

cdy o dioso 1 2 2 0
dii2o 1 1 2 0
dio2o 1 0 2 0
dia1o 1 2 1 0
diiio 1 1 1 0
dioio 1 0 1 0
digoo 1 2 0 0
diioo 1 1 0 0
dioo0 1 0 0 0

cnoo 10,2,2,0 0 2 2 0 v
10,1,2,0 0 1 2 0 v
no020 O 0 2 0 v
no210 0 2 1 0 v
10,1,1,0 0 1 1 0 v
noo10 O 0 1 0 v
no200 O 2 0 0 v
no100 O 1 0 0 v
no000 O 0 0 0 v Y v
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B Proofs

B.1 Proof of Theorem 1

First note that >, ) P(T = ccx) = > _p<; P(T' = ccy) = 1 because of LiM. Then, consider the

E(Y|Z1=Zy=..=Zx=1)—E(Y|Z1=Zo=..=Z,=0) .

first part of the numerator of g = B(D|Z1=Zo=.. =7 =1)=E(D|Z1=Zo=.. =21 =0) -

EY|Z =Zo=..=Zxk=1)=E(Y|Z=1)
=Y E(Y|Z =1,T = cey)P(T = cer | Z = 1)
k,l
=Y "E(Y|Z =1,T = cep)P(T = cepg|Z = 1)
k<l
=Y B(Y'T = ccx) P(T = ccxy),
k<l

where the third equality follows from LiM and the last equality follows from the exclusion and
unconfoundedness/independence assumptions.

Similarly, consider the other components of

E(Y|Zy=Zy=..=Zx =0)=E(Y|Z=0)=Y_ E(Y*|T = cx)P(T = cer),
k<l
and
E(D|Zy=2Zy=..=Zk=1)=E(D|Z=1)= Y 1-P(T = cc),
k<l
and
E(D|Z1=2Zy=...=Zk=0)=E(D|Z=0)=> k- P(T = ccpy).
k<l

Combining the above results:

E(Y|Z=1)—E(Y|Z =0)
E(D|Z = 1) - E(D|Z = 0)
Y BYNT = cop ) P(T = ceyyg) — Yoy EVFIT = ey ) P(T = ceyy)

a Yol P(T =cepy) = 3 g k- P(T = cep)

Y B = YT = cep ) P(T = cexy)

B Zkgl(l —k)-P(T = CCk,l)

Y B = YT = cep ) P(T = cexy)

- Y k<l = k) - P(T = cey)

Yk E(Y'—YK|T = cep ) P(T = ceyy)

a Zkgl(l - k) : P(T = CCk,l)

Y a BV = YHT = o) P(T = cepy) Zk JEYY—YHMT = cep ) P(T = ceyy)
B Yokl —k) - P(T = cexy) Yol —=Fk) - P(T = ccpy)
S BT = YT = e ) P(T = cey )

a Yokl —k) - P(T = cexy)
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. P(T = cckyl)

EY' —YH|T = cepy).

B.2 Proof of Proposition 1

Suppose that the treatment D is discrete with bounded support. Denote with M the number of
elements in the rectangular instrument support Z ordered such that | < m implies E(D|Z =
l) < E(D|Z = m). Label the ordered elements as z1, 22, ..., zp7. Theorem 2 of Angrist and
Imbens (1995) establishes that TSLS combined with Assumptions 1 to 3 estimates

M
BrsLs = Z Hm - ﬁm,m—l)

m=1
where
M P(Z = 2)(E(D|Z = ) - E(D))

m = (E(D|Z = 2y) — E(D|Z = zm_1)) -
= ) V) SSM P(Z = 2)E(D|Z = z)(E(D|Z = z) — E(D))

and
5 EY|Z=zy) - E(Y|Z = zpn1)
™ T B(D|Z = zm) — E(D|Z = 2pm_1)

Using this as a starting point, I now show that this can be rewritten to obtain an interpre-

tation of a weighted average of causal responses for different response types:

SM . P(Z = 2)(E(D|Z = %) — E(D))

M
= E(D|\Z = z,) — E(D|Z = z,— .
2. (Bl )= Pl D S (7 — 2 B(DIZ = ) (EDIZ = 1) — E(D))

SN P(Z = 2)E(D|Z = %)(E(D|Z = z) — E(D))

= M P(Z = 2)(E(D|Z = %) - E(D))

T S p(7 = 2)E(DZ = 2)(E(D|Z = 2) — E(D))

CB(YPT —y Py

M
= wp BYPT -y P,
m=1

where the weights are

_ YR PZ=a)EDZ=2)-ED)
SMoP(Z = 2)E(D|Z = 2)(E(D|Z = z) — E(D))

Wm

Denote 7 the set of all response types ¢, and ) ..o P(T = t) = 1. Further denote I(-) the

indicator function, which equals one if its argument is true and zero otherwise. Then, it can be
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shown that TSLS preserves the interpretation of a weighted average of causal responses Y — Y

where a > b:

M
ﬁTSLS — Z Wm * E(YDZm o YDZm—l)

m=1

M
=Y wm (Z P(T=t)-BYP™ —yP™ 1 = t))

M
— (P(T =1) ) wn BYPT -y P T = t)>
€T

m=1

M
- (P(T =0y {J(DZm > D)y, - B(YD™ Yy PTNT = )
teg m=1

— I[(D*" < D¥n1) oy, - B(YPTTN _y DT = t)})

M
=P =1 tmm-1-wm EQYPT —YP" T =),
m=1

teT
where
—1 if D < D
tmm-1 = I(D*™" > D*=t) = I(D*™ < D" ') = ¢ 1 if D*m > D1,
0 if D*m = D*m—1
and

_ S PEZ=a)EDZ=2)-ED)
M P(Z = 2)E(D|Z = 2)(E(D|Z = z) — E(D))

Wm

The fourth equality holds since YP™ — YP™ ' = (0 when D" = D?m-1. Note that the

numerator of w,, can be re-written as follows:

M

> P(Z =2z)(E(D|Z = 2) — E(D))

l=m o

=Y (P(Z==2)E(D|Z ==z))— Y _ (P(Z ==z)E(D))
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=1 —=P(Z = 2)P(Z = z,) {ED|Z = z) — E(D|Z < z)} .

B.3 Proof of alternative formulation of Theorem 1

Write Y as follows:

11

Y=I(Z=Zy=..=Z=1)- Y 4 (21 =Zy= ... = Zx =0). YD’

...0...0

A I(Z =Gy Zj =1y Zic = ) - YPUTT

J
= | I(Z1=Zy=..=Zxg=1)-Y YI.[(D"11 >4
=0
J
j=0

J
+(I(Zi=q s Zo=r,.. 2 =5)- Y YT I(D""* > ) |,
7=0

Vq,r, s such that ¢ # r # s.

E(Y|Z1=Zy=..=Zx=1)—E(Y|Z1=Zo=..=Z,=0) .

First, consider the numerator in Scc.acr = E(D| == =2 =1)—F(D| Z1=Za = = Z1c=0) -

E(Y|Zi=Zo=..=Zx=1)—E(Y|Z1 =Zo = ... = Zg = 0)
J
=E Y Y I(DYY > g) 2y =Zy = .. = Zik =
=0
J
—E(Y Y I(D" > )2y =Zy = ... = Zx =0
j=0
J
j=0

J
_ E(Z yi. ([(Dl...l...l > ]) _ I(Dl...l...l > i+ 1) _ I(DO”'O"'O > ]) _ I(DO"'O'”O >+ 1)))
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Subsequently:

J
ZE(YJ YYD > ) — (D000 > ) = 1) . P(I(DY11 > ) — [(D%00 > j) = 1)
j=1
J
= ZE(yj _yiTplelel 5 s pO0-0y | p(pleled 5 5 pO-0-0y
j=1

Now, write D as follows:

D = I(Zl =ZJy=..=Lg= ]_) . Dl...l...l +I(Zl =Zo=..=Zg = ) . DO...O...O

+ I(Zl =q, ... Zk =7 .. ZK — S) . DTS

J
7=0
J
7=0

Vq,r, s such that q # r # s.

E(D|Z\=Za=..=Zx=1)—E(D|Z1=Z2=..=Z1=0) -

Then, consider the denominator in Scc.acr =

E(D|\Zy=Zy=..=Zg=1)—E(D|Z1 = Zy = ... = Zx = 0)
J
=E|Y j 1D =) =2y = .. =2k =1
j=0
J
— B\ Y i D" 2 )2 =Ty = = Z =0
7=0
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Then:

E(Y|Z = 22 = =Zx=0)—EX|Z1=Zy=..=Zg =0)
(D|Zl =Zy=..=0x=1)—ED|Z1=Zy= ... = Zx = 0)

D1...1...1 > Do...o...o
_ Z Z J> ) E(Y) — YIYpl-tel > j 5 po-0-0)
=1

_ Z = cik) E(Y _yi- 1|D1...1...1 > > Do...o...o)
= z IZl>z ( —CM)

B.4 Proof of alternative representation of the TSLS estimand

Write Theorem 2 of |Angrist and Imbens| (1995) as follows:

M
BTS’LS = Z 5m,m—1 cWm - ﬂm,m—la (11)
m=1
where
dmm—1 = E(D|Z = zy) — E(D|Z = zm—1),
and
o 1 P\Z = 2)(B(D|Z = 2) — E(D))
S Mo P(Z = 2)E(D|Z = 2)(E(D|Z = z) — E(D))’
and

_B(Y|Z=2y) ~ B(Y|Z = zn_1)
Brmm—1 = E(D|Z = zm) — E(D|Z = zp—1)

It holds that

J
E(Y|Z = 2zp) = E(Y|Z = 2p1) = Y _P(D™ > j > D). E(Y? = Y/~'|D*" > j > D)
7j=1

J
J=1

This can be seen as follows:

E(Y|Z = 2m) — E(Y|Z = 2pn_1)

J J
=E (> Y - I(D*" 2 j)|Z =2 | —E | Y Y- I(D"™ > j)|Z = 21
=0 =0
J
=E (> Y/ (I(D*™ > j) — (D > j)) )
7=0

Y/ (I(D* 2 j) = I(D* 2 j + 1) = [(D** > j) = [(D*"~1 > j + 1))

<
Il
o

Qj
.M“‘
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=F (Yj‘l (I(D*" > 0) — I(D* > 1) = I(D*"' > j — 1) — [(D*™ > 1))
J
+Y Y (I(D™ > ) = I(D*™ > j+1) = [(D™ 1 > j) = [(D*1 > j + 1)))

Jj=1

:E<yj—1 (I(D*™ >j—1)—I(D*1' > j—1))

J
+ Z(w‘ —YIh - (I(D* > §) = (D > J‘>>>

J
= EQ_ (Y =¥ (1D 2 )~ 1D 2 j)

=
s
|
~
<
L
~
o
0
3
IV
\%_/_
|
=
-
IS
3
L
vV
\k_*»/.
=
-
0
:
vV
E/.
|
=
-
3
3
L
vV
<.
Il
=

=1-) P(D*™ >j>D" ). E((Y/—Y/"!).1|D*" > j > D)
j=1
J . .
—1-) P(D* <j <D™ ). E((Y) - YI™) . (-1)|D* < j < D*1)
j=1

J
= ZP(_DZm Z] > Dzm—l) E(Y] _Yj*1|Dzm 2] > Dszl)
7=1

=) P(D™ >j> D) E(YI =Y/ |D™ > j > D),
j=1

Now, it rests to show that

J
E(D|Z = zp) — E(D|Z = zp—1) = ZP(Dzm > i > D),

This can be shown as follows:

J J
D=2Z-D" +(1—Z)D*t = (Z-Zj-I(DZm>j)) - ((1Z)-Zj~I(DZm1>j)
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Then:

E(D|Z = 2pn) — E(D|Z = #m_1)

J J
J=0 =0

=FE Zy (D*m = j) = (D" = j))

=F ZJ"(I(DZ’" >J) = 1(D™ = j+1) = I(D™' = j) = [(D*"~! = j + 1))

I
=
M- T

(D = j) = I(D™* = j)

.
—

J
=3 P(D™ > j > D),
j=1

It is required that P(D*m > j > D*m~1) > 0 for some j which imposes a relevance assumption

on the instrument.

Plugging the above results into £, m—1, we get:

_B(Y|Z=z,)— E(Y|Z = 21
5m,m71 = (D|Z — Zm) — E(D|Z = mel)

—Z DZm >]>Dzm 1) E(yj_y]—1|Dzm >j>Dzm71)
<7 P(Dn > i > Dim1) -

P(D*m=1 > j > D*m ; ;

_ Z ] ) . E(Y]—l - Y]|Dzm_1 2] > DZm).
ZZ L P(D#m > i > D?m-1)

Then, Equation without imposing any monotonicity can be re-written to:

M
/BTSLS,PM = Z {I(_Dznz > Dz'mfl) . 5m,m71 . wm . ﬁrcn,m—l

m=1

— I(DZW < Dzm_l) : 5m,m—1 cWm - Bgv,,m—l}7

where
(Sm,mfl = E(D|Z = Zm) — E(D|Z e mel)a
and
i M P(Z=z)(E(D|Z = 2z)— E(D))
Z;\io P(Z = ZZ)E<D‘Z = Zl)(E(D’Z = zl) — E(D))’
and s
P(D?*m > § > D*m-1 , ‘
5””*1 - Z J ( =L >. ) E(Y’) — Yj*l\Dz’” >4 > D1,
o i P(DPm =i > DAmet)
and
J

Z P(D*1 > j > D)

5 .E(yj _ Yj_1|Dzm71 > j > D),
= 2i—g P(DPm =i > Damt)

Bmm 1 —
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where the superscripts ¢ and d denote whether [ gives the LATE for those who respond as
compliers or defiers for a change from m — 1 to m respectively.

The weights w,, are equivalent to the presentation of the previous section. The weights
Om,m—1 * Wmy sum to one (Z%:l Omm—1-wm = 1), and are non-negative (6, m—1 - wm > 0 for all
m). The weights are proportional to the impact that the instrument with &k used in constructing
Bk k—1 has on the treatment level. Similar to the previous section, more weight is given to
E(YJ —YI=YD?* > j > D*-1) and E(Y’ — YI~YD*m=1 > j > D*) if it lies in the center of

the instrument distribution.

B.5 Proof for a continuous treatment

Combining the arguments in the present study with those of |[Angrist, Graddy, and Imbens
(2000), the following can be shown:

EY|Zy=Zy=..=Z=1)—EY|Z1=Zy= ... = Z = 0)

_ E<YD111 _ YDO“.OH.O)

- /Dl...l...l aytdt_/oo Lwdt
N 0 ot po..0..0 Ot

o) t
0 ot

o0
— / P(D' 1t > ¢ > pO-0-0y. dt.
0

ot

The independence assumption and the fundamental theorem of calculus (f(z) = [; f/(t)dt =

fox %(tt)dt) were used in lines two and three, respectively. Similarly, it can be shown that

E(D|Zy=Zo=..=Zx =1)— E(D|Z1 = Zy = ... = Z¢ = 0)

Then:
COART B2 =2y = . = Zk = 1)~ E(D|Z1 = Zy = .. = Zx = 0)
fooo P(D'11 > ¢ > po-0-0y. 8E(Yt|D1»~1~(~912t>D0momo)dt

fooo P(Dl...l...l > ] > DO'"O'"O)dj
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C LiM test

C.1 Inequalities for detecting local violations of LiM

This section shows how the inequalities for the LiM test can be derived. As the LiM assumption
provides the condition that the CDF's do not cross, which is equivalent to the condition of having
positive weights at every point of the distribution of D, the following J + 1 inequalities have to
hold under LiM (which can be derived from Equation (7))):

P(D<j’Zl:ZQZ...:ZKZO)—P(D<j‘Z1:ZQZ...:ZK:UZO, (12)

for all j € {0,1,..., J}.
The inequalities in Condition translate to learning the sign of the causal effect on the
treatment variable of the sole instrument, 7 = Z1 = Zy = ... = Zg, in the subsample of

observations at the outer support of the instrument values:
P(D<j|Z=0)-P(D<j|Z=1)>0foral jec{0,1,..J}
Rewrite the previous equation to the following expression:
E(I(D < j)|Z=0)—EI(D<j)|Z=1)>0forallje{0,1,..,J}
Then, the following inequality must be satisfied at any point z in the covariate space:

EUID<j)|Z=0,X=2)—EUID<j)|Z=1,X=x)>0forall je{0,1,.. J}

C.2 Test procedure

The procedure by Farbmacher, Guber, and Klaassen| (2022)) can be followed for estimating 7;(z)
of Equation @]) and is described here. The average treatment effect given by this equation gives
an insight into the magnitude of possible violations. Two additional assumptions are required
to establish causality: (1) (Q%,QY) L Z|X, and (2) € < P(Z = 1|1X = 2) < 1 — ¢ for some
€ > 0. Then, the average treatment effect can be estimated using augmented inverse-propensity

weighting based on Robins, Rotnitzky, and Zhao| (1994):
f‘jﬂ; E%(iz) (Xz)

J
=(X;) (1 —e=9(X;)

+- 7 (@i — Ay (X)) = (Z: = D (XA 0 (x)

7;(Xi), é(X;), and f1;(X;) are estimates of 7;(z), e(z) = P(Z; = 1|X; = z), and pi(z) =
E(Qj

that estimates were obtained without the ith observation (e.g., D; did not contribute to esti-

X; = x), respectively. The superscript (—i) denotes out-of-bag estimates. This means

mating 7| " (X;)).
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The full sample is randomly split into two samples, S4 and SB, each of which will be used
both for training and predicting. Denote the trees resulting from these samples for each value

of j by HfA and HfB. Then consider the expectation of I';; for a given partition
B
C]Ajl =F (PjJ‘XZ‘ S Ll (HZ;H'jS )) s

(B =FE <rj,i|XZ- €L (m;HJSA» .
Let L; (z;11;) denote the th element of the collection of leaves of the tree II;. The moments of

all leaves are contained in ( = (CA, CB). Recall that positive values of ¢ point toward a local

violation of LiM. Then a local violation of LiM can be tested with the following hypothesis test:

Hy:(, <0 foralls=1,..p

Hy:(;>0  forsomes=1,..,p,

where p = |(] is the number of sample splits. This means that p = 2, when splitting the sample
into two samples, S and SB.

Under the null hypothesis, an upper bound on the (1 — «) quantile of \/n (éj — Q) /6 is
enough for testing.:

T = max@< max \/M

1<s<p 0y T 1<s<p 0j
Finally, the p-values should be Bonferroni corrected for multiple hypothesis testing.
Asymptotic results can be derived as in [Farbmacher, Guber, and Klaassen| (2022)) using the

results of (Chernozhukov, Chetverikov, Demirer, Duflo, Hansen, Newey, and Robins (2018)).
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C.3 Pseudo code of the LiM testing procedure

I build upon the procedure and code of Farbmacher, Guber, and Klaassen (2022) to establish a

test for LiM. The pseudo code for the LiM test procedure is presented by Algorithm

Algorithm 1 LiMtest

Input: ns observations (D,-,Z-,Xi) with D; € {0,1,...,J} the treatment, Z; the instrument

indicator for the outer support of the instrument distribution, and X; the covariates. The

minimum leaf size is denoted k, and the significance level with .

1: for 5=0,1,...,J do

2: Construct the pseudo variable Q; ;.

3: for both samples separately do

4: Obtain leave-one-out estimates ﬂgﬂ) (X;) with a regression forest using outcome Q; ;

and including covariates X;.
5: Obtain leave-one-out estimates ?](_i) (X;) with a causal forest using outcome @Q;; and
including covariates X;.

6: Construct the estimates f‘j,i as in Equation in Appendix

7: end for

8: Fit a CART tree on sample A using outcome fj,i, covariates X;, minimal leaf size k, and
apply cost complexity pruning.

9: for each leaf [ = 1, ..., [ ;nax doO

10: Calculate the t-statistic t%ﬂ over units fj,i in sample A present in leaf [.

11: if 1)) > ®71(1 — 0.05/lmax) then

12: Calculate the t-statistic tﬁ) over units I ji in sample B present in leaf [ and store

the values in a vector Tyec.

13: end if

14: end for

15: Repeat lines 8-14 with the roles for samples A and B switched.

16: if max(Tyec) > @711 — a/|Tvec|) then

17: Reject the null hypothesis.

18: end if

19: end for
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C.4 Simulation study - LiM test

In this section, we evaluate the performance of the LiM test through a simulation study. I con-
duct an empirical Monte Carlo study closely modeling the data from |Card (1995). Specifically,
I generate the instrumental variable Z using a binomial distribution with probabilities matching
the mean observed. The control variables are generated are generated using a multivariate
normal distribution, with means and covariance matrix derived from the empirical data. After
generating the continuous control variables, I binarize them based on the mean. The sample size
is 1500. For simplicity, I consider three different treatment levels, D € {12,13,14}. Moreover,
I introduce different complier types with specific probabilities of occurrence (type shares), as
shown in Table I consider two scenarios: one where LiM is valid, meaning no combined
defiers are present, and another where LiM is locally violated due to the presence of defier types
in the southern region, who change their treatment level from 13 to 12 when both instruments
equal one. 1,000 simulation repetitions are performed.

Table reports the rejection rates. The test successfully detects the violation for the
combined defiers in the Southern region at the correct treatment level. The results reflect that
the test is sensitive to the covariates included. As proxy variables might be chosen as most
important variables for splitting, the tree structure with the maximum violation can only give

an indication for the subgroup where LiM might be violated.
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Table 11: This table presents an overview of the different response types and their respective

shares. The simulation study considers two scenarios: one where LiM is valid, and another

where LiM is locally violated due to the presence of combined defiers.

LiM valid LiM violated

DY D! Type share Type share

Combined compliers
12,13 12 13 15% 5%
CC13,14 13 14 10% 10%
CC12,14 12 14 5% 5%
Combined non-responders
Cn12,12 12 12 25% 25%
Cni13,13 13 13 20% 20%
CTL14714 14 14 25% 25%
Combined defiers
cdi12 where south =1 13 12 - 10%

100% 100%

Table 12: This table presents the rejection results for the setting where LiM is valid and when

LiM is violated.

LiM valid LiM violated
12to 13 13to 14 12to 13 13to 14
Rejection rate 0% 0% 100% 0%
First split at south = 1 - - 94.8% -
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D Details on the model specifications

D.1 Specifications of the learners employed in Section [6.1.2]

Lasso (Least Absolute Shrinkage and Selection Operator) introduced by Tibshirani| (1996)) is a
regularization technique that performs both variable selection and regularization to enhance pre-
diction accuracy. It includes a penalty term proportional to the absolute value of the coefficients,
which helps in shrinking some coefficients to zero and thus performing feature selection. For
Lasso, a fully saturated specification including all covariate interactions is considered, while raw
controls are included in the other methods. The key hyperparameter is the regularization pa-
rameter, lambda. T use the glmnet library (version 4.1-8) in R to perform 5-fold cross-validation
to select the optimal lambda.

Random Forest is an ensemble learning method used for classification and regression, intro-
duced by Breiman (2001). It operates by constructing multiple decision trees during training
and outputting the mode of the classes (classification) or mean prediction (regression) of the
individual trees. Key hyperparameters include the number of trees, minimum node size, and the
number of variables sampled at each split. The tuning process involved a grid search combined
with 5-fold cross-validation. Specifically, the grid for the number of trees contained the values
500 and 1000. For the minimum node size, I consider values of 25, 50, and 100. The number
of variables sampled at each split is varied with values of 2, 3, and 4. I use the caret package
(version 6.0-94) and the randomForest package (version 4.7-1.1) to streamline the model training
and hyperparameter tuning process.

Boosted Trees, specifically Gradient Boosting, is another ensemble learning technique that
builds models sequentially, originally introduced by [Friedman! (2001). Each new model attempts
to correct errors made by the previous models. The gbm library (version 2.1.9) in R is used
for implementing Boosted Trees. I conduct a grid search on several key hyperparameters: the
interaction depth, number of trees, and shrinkage rate. The grid for the interaction depth
includes values of 1, 2, and 3. The number of trees is varied with values of 100, 200, and 300.
For the shrinkage (learning rate), I consider values of 0.1, 0.05, and 0.01. 5-fold cross-validation
is used to select the optimal combination of hyperparameter values.

In tuning the hyper parameters, for treatment and outcome models, RMSE (Root Mean
Squared Error) was used to evaluate the model performance. Additionally, for each of the three
methods (LASSO, Random Forest, and Boosted Trees), trimming of the predicted propensity

scores was performed with a value of 0.01, such that they lie between 0.01 and 0.99.
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Table 13: This table presents the mean RMSE over 25 splits for the machine learners used to
obtain DML estimates in (Card[s (1995) study, as presented in Table [5| for selecting the best

estimator among different machine learners.

Mean RMSE for y Mean RMSE for d Mean RMSE for Z

Lasso 0.42 1.96 0.37
Random forest 0.41 1.93 0.36
Boosted trees 0.41 1.92 0.36

D.2 Specifications of the learners employed in Section [6.2.2]

The choices are similar to those outlined in Appendix with two exceptions: third-order
covariate interactions are included for Lasso, and for random forests, only 100 and 500 trees are

considered due to computation time.

Table 14: This table presents the mean RMSE over 5 splits for the machine learners used to
obtain DML estimates in |Angrist and Evans’s (1998) study, as presented in Table 8], for selecting

the best estimator among different machine learners.

Mean RMSE for y Mean RMSE for d Mean RMSE for Z

Panel A: Causal effect on labor income

Lasso 4574.816 0.676 0.010
Random forest 4542.167 0.679 0.108
Boosted trees 4525.689 0.672 0.021

Panel B: Causal effect on hours worked per week

Lasso 17.853 0.676 0.010
Random forest 17.855 0.679 0.108
Boosted trees 17.799 0.672 0.021

Panel C: Causal effect on weeks worked

Lasso 21.30 0.68 0.01
Random forest 21.33 0.68 0.11
Boosted trees 21.25 0.67 0.02
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